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ABSTRACT
A fully distributed mathematical model, describing 
the performance of a single porous compounded bifunc­
tional catalyst pellet, promoting complex endothermie 
reforming reactions, demonstrates that isothermal con­
ditions obtain within the catalyst pellet. The heat 
transfer resistance, therefore, resides entirely within 
the fluid film surrounding the catalyst particle. 
Application of such a lumped thermal resistance model 
is then extended to the examination of systems involving 
a physical mixture of discrete catalyst pellets.
Steady state stability analyses of both bifunctional 
catalyst systems show that, in the case of discrete 
pellet mixtures contained in a reactor operated in a 
high temperature region, alternative stationary states 
may exist because one of the tv/o types of particle 
supports overall exothermic reactions.
A one-dimensional steady state reactor model is 
employed to predict the behaviour of reactors packed 
with the two different bifunctional catalyst preparations 
and which promote chemical reaction in the presence of 
mass and heat transfer effects; It is concluded that 
a compounded bifunctional catalyst is, in practice, 
superior to a physical mixture of discrete pellets due 
to the favourable mass and heat transfer characteristics 
of such a catalyst. It is also demonstrated that the 
complex reactions occurring over compounded pellets may 
be reasonably described by a relatively simple reaction
scheme which emphasizes the role of a cooperative reac­
tion step effecting direct conversion of methyl cyclo- 
pentene to benzene. Consequently, the overall complexity 
of the mathematical model and the high computational 
effort are reduced considerably.
Optimisation of benzene yield with respect to the 
bifunctional catalyst composition indicates that it is 
more economic, in practice, to employ an optimum uniform 
catalyst composition than a spatially distributed opti­
mum (e.g. a falling profile along the reactor) since the 
former policy gives a product yield which is only very 
slightly lower than for the latter case.
A simplified unsteady state mathematical model of a 
reforming reactor packed with compounded pellets shows 
that the reactor is stable, for a wide range of operating 
conditions, when subjected to step perturbations in inlet 
fluid conditions. However, the approach to the new 
steady state is found to be particularly slow in the 
case of adiabatic operation. ' This is most likely due 
to the low overall chemical reaction rate. A well 
known initial value (i.e. stepwise) numerical technique 
is shown to be suitable for integration of the state 
equations, both spatially along the reactor and in the 
time domain, provided that an appropriate arithmetic 
precision is employed. Furthermore, the computational 
effort is reduced considerably by using a suitable 
integration step size distribution in the time domain.
ACKNOWLEDGEM ENTS
Not many people would doubt that research for the 
degree of Ph.D. could, in some cases, prove to be an 
unpleasant experience. However, the period of this 
research has been relatively happy and rewarding due to
the favourable circumstances under which it has been
completed. Such circumstances have prevailed as a 
result of the helpful attitude of the staff at the 
University of Bath.  ̂ In particular, I would like to 
express my gratitude to .Prof. W.J. Thomas for his 
valuable supervision and general guidance.
I would also like to show my appreciation of the 
financial support offered by the Iraqi Government’s 
Ministry of Oil.
Finally, I would like to thank Mrs. H. Gott for so
ably typing the manuscript of this thesis.




Chapter 1 INTRODUCTION AND GENERAL REVIEW page 1
1.1 Introduction 1
1.2 Statement of the Problem and General Review 8
Chapter 2 STEADY STATE MODELLING OF BIFUNCTIONAL 37
CATALYST PELLETS
2.1 Introduction 37
2.2 Modelling of Compounded Pellets 38
2.3 Modelling of Discrete Pellet Mixtures 73
Chapter 3 A STEADY STATE ONE-DIMENSIONAL 118
REACTOR MODEL
3.1 Introduction 118
3.2 Fluid Equations for the General Case of 120
Reforming Reactions
3.3 Solution of Equations (3.1)-(3.4) 121
3.4 Discussion of the Results 122
Chapter 4 SIMPLIFICATION OF KINETIC MODEL FOR 146
COMPOUNDED PELLETS
4.1 Introduction 146
4.2 Validity of the Reduced Kinetic Model 148
4.3 Modification of the Cooperative Reaction Step 156
fiX&Yp
\
4.4 Optimum Catalyst Composition Profile 162
vil
Chapter 5 DYNAMIC BEHAVIOUR OF A REFORMING page 168 
REACTOR
5.1 Introduction 168
5.2 Unsteady State Model for Composite Pellets 170
5.3 Pseudo-Steady State One-Dimensional Reactor 172 
Model
5.4 Solution of Simplified Dynamic Models 173
5.5 General Discussion of the Results and 177 
Conclusions
Appendix 5.1 A Fortran IV Computer Program for 190
Solving the Dynamic Model




LIST OF TABLES 218
LIST OF FIGURES 219
REFERENCES 227
CHAPTER ONE 
INTRODUCTION AND GENERAL REVIEW
1.1 INTRODUCTION
Numerical simulation of chemical engineering pro­
cesses has been well established over the past few years 
as a means of studying economically the performance of 
various plants in order to arrive at suitable design 
criteria. This would eliminate the need for the costly 
pilot-plant set up and operation, except in cases where 
experimental data is required to throw light on certain, 
unexplored, aspects of the design. Numerical simula­
tion will also serve in determining optimal policies 
for operation of equipment and exploring steady state 
and dynamic conditions which could, in practice, prove 
to be extremely costly in terms of materials and plant 
commissioning time and labour.
It is disturbing, however, to witness the large 
volume of literature reporting complex mathematical 
modelling of relatively simple chemical reaction engi­
neering processes of limited practical importance. 
Furthermore, it must be appreciated that only a small 
fraction of existing mathematical models can describe 
accurately the system they are intended to represent and 
also be solved economically. Sometimes it is necessary 
to employ the most sophisticated electronic computers 
for solving such problems.
2
Current advances in the technology of electronic 
computers (both software and hardware), coupled with the 
various developments of efficient numerical algorithms, 
have all facilitated treatment of sophisticated mathema­
tical models. However, there exist many industrial 
reacting systems whose inherent complexity is such that 
only simplified mathematical models may be used to throw 
light on their behaviour and performance. Instead of 
displaying a deep involvement in elaborate mathematical 
modelling, the work presented in this thesis is therefore 
intended to acquire as much knowledge as possible regar­
ding the performance of a certain group of fixed-bed 
catalytic reactors within which complex reforming reac­
tions occur over a bifunctional catalyst.
i
Bifunctional catalysts, composed of two distinct 
active catalytic species which promote different reac­
tion steps, are commonly used in industrial fixed-bed 
reactors to effect the reforming of certain components 
in the light fraction of petroleum distillate (e.g. 
methyl cyclo-pentane). Such catalysts may be employed
in two differing modes. One type of preparation con­
sists of a physical mixture of discrete particles, 
whereas, in the other type, the two active components 
are compounded (i.e. pelletized) into a single catalyst 
particle. It is apparent from experimental kinetic 
studies that there exists some discord in the complex 
reaction schemes proposed for the two different systems 
of catalyst preparation. This point will be taken 
further in Chapter 2.
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The majority of theoretical research in the field 
of multifunctional catalysis has been confined to simple 
reaction schemes with brief analytical treatment of 
intra-particle mass transfer effects.2 1 ,2 4 ,25^26 
Experimental studies, on the otljer hand, have mainly 
been confined to modelling of reaction kinetics employing 
both forms of the bifunctional catalyst. ^ >2 Experimen­
tal and theoretical optimisation of desired product yield 
with respect to catalyst composition* has also been 
carried out, but chiefly in the absence of mass and heat
transfer effects.2 *24,26
The main objective of this work, however, is to 
acquire some knowledge and understanding of the impor­
tant physical and chemical processes associated with a 
typical industrial reforming reactor. This entails the 
numerical simulation of fixed-bed reactors within which 
reforming reactions are carried out in the presence of 
both discrete mixtures of particles and for compounded 
pellets. For temperatures within the range 420^C-480°C, 
the following reaction scheme has been proposed^ as a 
result of kinetic studies of methyl cyclo-pentane refor­
ming over compounded pellets, operating at 1 bar pressure
catalyst composition e =
volume (or surface area) of type X catalyst 
total volume (or surface area) of catalyst
In the case of a discrete mixture of pellets, however, 
the following reaction scheme, due to Jenkins and Thomas,^ 
will be adopted:
Kinetic data pertaining to these reaction systems will 
be used to estimate global rates of reaction and their 
dependence on the temperature of the catalyst.
The proposed physical models, and hence the resul­
ting mathematical models, are intended, throughout this 
work, to reflect on the importance of mass and heat 
transfer processes, e.g. intra- and inter-particle mass 
transfer, inter-phase heat transfer and heat exchange 
across the reactor tube wall» The accuracy of represen­
tation of these and other transport phenomena has been 
limited, however, by the increasing complexity of
- .  ̂5
mathematical models whose solution eventually becomes 
impractical. This is mainly due to the inherent com­
plexity of the reaction systems under consideration.
Section 1.2 of this chapter will be devoted to a 
general review of literature pertaining to bifunctional 
catalyst systems. This will be supplemented with a 
general discussion of published work relating to mathe­
matical modelling of. both the single catalyst particle 
and the reactor as a whole. Special emphasis will be 
placed on well established, efficient, numerical algori­
thms which will be employed in solving the various 
mathematical models proposed in this work, e.g. implicit 
finite difference methods, The Runge-Kutta - Merson's 
algorithm etc. '
Numerical simulation of the steady state behaviour 
of both compounded and mixed bifunctional catalyst 
pellets is attempted in Chapter 2. This will be followed 
with a brief steady state stability analysis in order to 
identify possible regions of parametric sensitivity and 
steady state multiplicity. In Chapter 3, however, 
mathematical models of the two existing kinds of bifunc­
tional, reforming, catalyst pellets are combined with a 
general, steady state, reactor model. This enables the 
performance of reactors containing both types of catalyst 
preparation to be studied and compared.
Chapter 4 is devoted to kinetic model reduction.
This aims at simplifying the reaction scheme representing 
the reforming of methyl cyclo-pentane in order to reduce
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the relatively high computer.execution time and core 
store. The simplified kinetic model will subsequently 
be employed to demonstrate that, for non-isothermal 
reactor operation including intra-particle mass transfer 
and inter-phase mass and heat transfer effects, a two- 
stage falling* profile of the bifunctional catalyst com­
position along the reactor is a sub-optimal policy.
This will effect a slightly higher yield of the desired 
product (viz. benzene) than would be obtained if an 
optimum constant catalyst composition was used.
While steady state analysis of physical systems 
is generally useful in designing an operable piece of 
equipment, its main value actually lies in improving 
existing units. Such improvement may be exemplified 
in economic terms, e.g. higher desired product yield, 
lower operational cost, reduced demand on expensive raw 
materials, longer running life of equipment etc. 
Numerical simulation of the dynamic behaviour of equip­
ment, however, is vital in so far as it exposes unstable 
regions of parametric sensitivity where small changes in 
operating conditions may result in significant changes 
in the performance of equipment; the latter returning 
to its original state when disturbances have been 
removed. It will also serve in identifying, and there­
fore avoiding, regions of multiple steady states where 
some important state variables, e.g. temperature and/or 
concentration may depart from magnitudes allowable in 
practice and hence result in equipment deterioration.
7
Moreover, dynamic analysis will throw light on the beha­
viour of the system when removed from the steady state 
and therefore provide the information required to deter­
mine optimal policies. This is especially important in 
plant start up or shut down.
The dynamic characteristics of a fixed-bed reactor, 
packed with bifunctional reforming catalyst, are studied 
briefly in Chapter 5. ‘Using a one-dimensional mathema­
tical model of the reactor, step changes in state varia­
bles at the reactor inlet (e.g. reacting fluid tempera­
ture, concentration of reactant and coolant temperature) 
are introduced and the behaviour of the system studied 
as it departs.from initial steady state conditions and 
approaches the new steady state. Different modes of 
reactor operation are investigated, namely the adiabatic 
and non-isothermal non-adiabatic modes. The final 
chapter of this thesis (Chapter 6) will summarize the 
main conclusions drawn from numerical simulation of phy­
sical systems investigated during this research.
It is pertinent to emphasize at this stage that, 
throughout the course of this work, the main findings 
are dependent on the assumption of accurate kinetic data 
representing the physical systems considered here; this 
research has in no way been concerned with verifying the 
accuracy or, for all that matters, the validity of the 
available information on the chemical kinetics of bifunc­
tional catalyst systems. .Furthermore, it is important 
to indicate that, when investigating numerically the
8
behaviour of a physical system, it is not uncommon to 
arrive at erroneous conclusions regarding the system due 
to unsuitability or improper use of the numerical methods 
at one’s disposal. This problem, which is just as 
important for the laboratory experimentalist to appre­
ciate, has necessitated a great deal of care throughout 
this work, especially when investigating the dynamic 
behaviour of the reactor where numerical instability 
must be clearly identified and distinguished from opera­
tional instability of the physical system.
1.2 STATEMENT OF THE PROBLEM AND GENERAL REVIEW
Having discussed the nature of the work presented 
in this Thesis and some of the important features of the 
design of reforming reactors, this section is. devoted to 
a thorough examination of the problems encountered in 
the simulation of such reactors. While the basic 
theories of fixed-bed reactor design have been well 
e s t a b l i s h e d , 3 * ^ * 5 , 6 , 7  the problems associated with the 
design of reforming reactors are inherent in the presence, 
within the same reactor tube, of more than one active 
catalyst component which promote different reaction 
steps of an overall complex reforming reaction scheme. 
Examples of such complex, reactions have already been 
given in Section 1.1. As pointed out, these reactions 
may occur in the presence of a single composite bifunc- 
tional catalyst particle, usually prepared by mechanical 
compacting (or pelletization) of the two active compo­
nents. On the other hand, bifunctional reforming
9
catalysts may be prepared from an intimate physical 
mixture of the individual particles such that different 
reactions are promoted by each of the two types of 
pellet.
Due to the heterogeneous nature of these systems, 
any realistic mathematical model must describe the 
physical interactions between the main stream of reac­
ting fluid and the solid mass of the catalyst, as well 
as describing the chemical reaction occurring within the 
porous structure of the bifunctional catalyst particles. 
These physical interactions are generally represented in 
terms of the well established transport phenomena*’> ̂ 
which not only cause non-uniformity of concentration and 
temperature fields within the catalyst particles, but 
also result.in temperature and concentration gradients 
in the stagnant fluid film surrounding the particles and, 
in some cases, in the main fluid stream. In view of
these important interactions, the differential equations 
describing mass and heat transfer and chemical reaction 
within each type of catalyst pellet will be highly non­
linear, with flux type boundary conditions. The boun­
dary conditions at each pellet surface will represent a 
relationship between the surface conditions (i.e. tempera­
ture and composition) of the solid and conditions in the 
main fluid stream. Similarly, the mass and heat balance 
equations for the reactor fluid are non-linear, thereby 
requiring numerical solution.
As well as presenting a detailed discussion of the
10
various aspects of modelling bifunctional catalyst 
particles and the reactor tube containing them, the 
remainder of this Section will also provide a review 
of efficient numerical methods which may be employed 
in solving the proposed mathematical models.
1.2.1 The Bifunctional Catalyst Particle
The presence of solid catalytic species, whether 
mono- or bi-functional, within a reactor tube, provides 
a medium for chemical transformation of reacting compo­
nents into desired products. Such a process usually 
occurs over the large extent of solid surface area con­
tained within the porous structure of each catalyst par­
ticle regardless of shape and size. In order for 
chemical reaction to proceed, however, reacting material 
must first be transported from the main fluid stream 
across the usually stagnant fluid film at the exterior 
surface of the catalyst particle. Material transfer 
within catalyst pores (viz. micro- and macro-pores) may 
then occur by bulk diffusion or Knudsen diffusion depen­
ding on the relative magnitudes of pore size and the 
mean free path of the diffusing molecule, the latter 
being determined by the density of the fluid. While 
such considerations are important in the treatment of 
the catalyst particle, detailed examination of such 
effects lies outside the scope of this work.*,*
Following diffusion within catalyst pores, the reactant 
gas mol-ecules are then adsorbed by the active catalyst 
surface where chemical reaction takes place.
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Subsequently, product molecules are desorbed and trans- , 
ported to the main fluid stream by diffusion through the 
porous structure and the stagnant fluid film surrounding 
the catalyst particle.
While the transfer processes described hitherto are 
the most common in practice, it must be remembered, 
however, that under circumstances where physical adsorp­
tion is important and the adsorbed gas molecules are 
mobile, mass transfer by diffusion in the adsorbed layer 
(i.e. surface diffusion) may be appreciable.^® It must 
also be noted that these processes occur simultaneously 
and, in the steady state, their rates are identical.
The rate determining process will therefore be the one
whose rate coefficient (e.g. k, k etc.) has them g '
smallest magnitude, provided that all coefficients are 
dimensionally homogeneous.*’
Since the majority of chemical reactions involve 
production and/or removal of substantial amounts of heat, 
the latter must therefore be transferred from (or to) 
the reaction medium in order to sustain and control the 
rate of chemical reaction. By analogy to the mass 
transfer processes described above, energy is usually 
transferred by conduction and/or convection. Heat 
transfer by radiation, on the other hand, only becomes 
important at relatively high temperatures.
The various resistances to mass and heat transfer
outside and within the catalyst particle will result in
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the existence of temperature and concentration gradients 
causing the actual reaction rate to differ from the rate 
which would be obtained if the bulk fluid conditions 
prevailed throughout the reaction medium. Such limita­
tions, which are usually expressed in terms of a "cata­
lyst effectiveness factor"*, were first recognised by 
Thiele'^ and Zieldowitsch^^ in the case of isothermal 
catalyst particles. Wheeler^ ̂ and Praterdemonstrated 
the effect of temperature gradients on the reaction rate 
in the non-isothermal case. On the other hand, fluid 
film mass and heat transfer resistances and their effect 
on reaction rate were first studied by Carberry.^^
Many workers have examined the relative magnitudes 
of intraparticle and interphase mass and heat transfer 
resistances for various reaction systems. Among these 
is Beek^G whose important conclusions, supported by the 
findings of Carberry,^^ demonstrated the outstanding 
significance of intraparticle mass transfer and inter­
phase heat transfer resistances. Similar conclusions 
were arrived at (in the case of complex exothermic reac­
tions) by Thornton,whereas Al-Samadi et.al.^® showed 
that, in the case of bifunctionally catalysed endothermie 
reforming reactions, heat transfer resistance is confined
* Effectiveness factor r\ =
Actual Reaction Rate
Rate obtained at bulk fluid conditions
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to the fluid film at the exterior surface of the cata­
lyst pellet while the particles remain essentially 
isothermal; this is also in agreement with Beek’s 
observation. Clearly, application of these general 
conclusions effects a substantial simplification of the 
mathematical models proposed to describe the catalyst 
pellet. This is because the reaction rate coefficients 
become independent of radial position as a result of the 
uniformity of temperature within the pellet. Therefore, 
if the reaction scheme consists of one or more first 
order reaction steps, the ordinary differential equations 
describing diffusion and chemical reaction within the 
catalyst pellet are linear and may therefore be solved 
either analytically or by employing simple numerical 
techniques depending on the number of components involved 
in the chemical reaction. Moreover, since the pellet 
equations must be solved at many axial positions within 
the reactor, it is evident that, by making this simpli­
fying assumption, a substantial saving in computing time 
will be realized. Detailed discussion of this point 
will be given in Section 1.2.5 and Chapter 2.
The basic principles involved in the treatment of 
the single catalyst pellet are generally applicable in 
the case of bifunctional catalyst pellets. However, a 
few minor modifications are introduced in the latter 
case due to the.existence of two distinct catalytic 
species within the same reactor.^* When the catalyst 
bed is prepared from an intimate physical mixture of 
discrete pellets, the two different types of pellets
14
will be modelled separately, bearing in mind the 
assumption that a catalyst pellet of one type (say a 
dehydrogenation catalyst, X) is always found in the 
immediate neighbourhood of a second type (say an iso­
mérisation catalyst, Y) of pellet (see Sections 1.1,
2.2 and 2.3). The material flux of any particular 
component at a given position within the reactor will 
therefore be the algebraic sum of its fluxes into pellets 
X and Y after allowing for their respective volumetric 
fraction in the catalyst bed. An analogous treatment 
is applied in the evaluation of total heat flux.
In the case of a composite bifunctional pellet, prepared 
by mechanical compacting of small particles of types X 
and Y, an active surface area fraction is associated 
with reaction terms in the ’single’ pellet mass and 
heat balance e q u a t i o n s . 1^,20 Moreover, it is assumed 
in the latter case that diffusion within the micropar­
ticles (viz. types X and Y) is unimportant because they 
are sufficiently small in comparison to the size of the 
compounded particle. The presence of both active 
catalytic species within the same pellet clearly results 
in enhancement of the rate of chemical reaction since 
reaction material and energy are immediately available 
to both types of active catalyst surface. This superior 
feature of compounded bifunctional catalyst pellets, as 
compared with a physical mixture of discrete pellets, is 
especially significant under, circumstances where inter­
phase mass and heat transfer effects are important.
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While the above discussion has been involved with 
the important modelling aspects of bifunctional cata­
lyst pellets, it is pertinent at this point to examine 
the basic theories underlying the application of bifunc­
tional catalysts in industrial reforming reactors.
" ' X Y
Considering the reaction scheme A Î B C where
reaction step A + B, promoted by type X catalyst, could 
represent a hydrogenation-dehydrogenation equilibrium, 
while the reaction step B ^ C, catalysed by type Y 
species, could describe isomerization of component B to 
form the desired product C. Clearly, the presence of 
type Y catalyst in addition to type X catalyst, within 
the same reaction zone, will enhance formation of product 
C by relaxing the equilibrium limitation (A Î B) since B 
will be converted to C as soon as it is formed. There­
fore, complete conversion of A may be achieved, given 
the right conditions of temperature and residence time.
A useful analytical treatment of such reactions was given 
by Gunn and Thomas^* who studied the effect of intrapar­
ticle diffusional retardation for the isothermal case. 
Furthermore, the fact that a bifunctional catalyst con­
sists of two active species promoting different reaction 
steps immediately suggests the possible existence of an 
optimal catalyst formulation which may be constant or 
spatially distributed along the reactor. This observa­
tion was first made by Gunn and Thomas,following the 
experiments of Weisz and Swegler"^ and Weisz.^’
Further theoretical work, carried out by Gunn,^’ Thomas 
and Wood^s and Jackson^® demonstrated that, in the case
16
of the reaction scheme described above and in the 
absence of diffusional retardation, an optimal catalyst 
composition profile would, in general, require the pre­
sence of pure X catalyst in the initial part of the 
reactor, followed by a fixed proportion of the two 
catalysts for most of the reactor length and ending 
with pure Y catalyst in the last section of the reactor.
In the case of two consecutive, irreversible, first 
order reactions, however, it was shown that a bang-bang 
profile, whereby pure X catalyst fills the first sec- 
tion of the reactor whereas the remainder being filled 
with pure Y catalyst, constitutes an optimal profile.
While imposing an optimal catalyst composition profile 
along the reactor gives, in general, a higher product 
yield, than a fixed sub-optimal catalyst composition, it 
will be demonstrated in Chapters 3 and 4 that such imp­
rovement, in the case of complex reforming reactions, 
is not large enough to advocate application of the 
former policy to industrial reforming reactors.
Despite the early experiments of Mills et.al,^’ 
Ciapetta,^® Hindin et.al.,^* Weisz^^»^® and Sinfelt,^!»*^;** 
whose important findings* proposed a kinetic model for 
the reforming of methyl cyclo-pentane over a bifunctional 
catalyst (usually consisting of highly dispersed platinum
Discussion of the above mentioned work in this thesis 
would be superfluous. However, an appropriate review 
may be found in a publication by Thomas.^**
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on porous silica-alumina), there still exist some 
inadequacies, regarding the role of the conventional 
hydrogenation-dehydrogenation and isomerization reaction 
steps. The work of Hall,^ whose kinetic model will be 
used in this thesis, is but one expression of such uncer­
tainties. ■ Moreover, relatively little is known about 
the role of transport phenomena in such reaction sys­
tems. This work is therefore aimed at providing a 
better understanding of the interactive nature of mass 
and heat transfer effects, using experimentally obtained 
reaction kinetic data, in an attempt to approximate con­
ditions prevailing in practice.
1.2.2 Tubular Reactor Modelling
i
As discussed already, the physical interactions 
between the solid catalyst particles and reacting fluid, 
in the case of fixed-bed catalytic reactors, usually 
occur within one, or in some cases a number of reactor 
tubes. The extent and nature of these interactions are 
usually governed by physical considerations such as the 
method of catalyst preparation and its assembly within 
the reactor, reactor configuration and operating condi­
tions, e.g. fluid flow rate, fluid temperature and 
pressure, temperature of the heat exchange medium, etc.
A proposed mathematical model will thus attempt to des­
cribe the physical system accurately by representing, in 
mathematical terms, the chemical reaction occurring 
within the porous catalyst particle and the transport 
effects dictated mainly by the physical considerations 
outlined above.
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From a practical standpoint, tubular reactors are 
usually classified into two main groups, namely homo­
geneous reactors wherein chemical reaction, whether or 
not catalysed, takes place in a single phase (e.g. gas 
phase) throughout the reactor, and, secondly, hetero­
geneous reactors within which chemical reaction is 
usually confined to a second, catalytic phase, e.g. on 
the surface of a porous solid catalyst. In reactor 
modelling, however, fixed-bed reactors may be described 
as 'quasi-homogeneous* or ’heterogeneous’ depending on 
the significance of mass and heat transfer effects.
The former term usually entails absence of all transfer 
effects and, therefore, conditions within the catalyst 
pellet are identical to bulk fluid conditions. The 
presence of catalyst pellets in this case is acknowledged 
merely by the fact that they occupy the space within the 
reactor where chemical reaction takes place, thus dicta­
ting the physical characteristics of the bed as a whole. 
The term ’heterogeneous’, on the other hand, denotes 
fixed-bed reactor models which describe mathematically 
the reaction rate limitation caused by existence of 
inter-phase and/or intra-particle mass and heat transfer 
resistances.
To describe a quasi-homogeneous model, only one set 
of differential equations representing material and 
energy balances over a differential reactor element,is 
required. Mass and heat transfer rates due to chemical 
reaction are, of course, explicit functions of the fluid 
temperature and composition since fluid conditions in
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this case are identical to conditions within the cata­
lyst particle. . In order to estimate the rates of mass 
and heat transfer due to chemical reaction in heteroge­
neous reactor models, however, it is also necessary to 
solve, simultaneously, a set of .differential equations 
describing diffusion and chemical reaction within the 
catalyst pellet using the appropriate flux boundary 
conditions. This is because, in this case, conditions 
in the main fluid stream are substantially different 
from conditions within (and at the exterior surface of) 
the catalyst pellet. Numerical values of mass and heat 
transfer rates may therefore be used directly in the 
reactor fluid equations in order to estimate spatial 
changes in fluid temperature and composition (see Sec­
tions- 2.2.2, 2.3.1 and 2.3.2). These rates have fre­
quently been expressed in terms of the apparent (i.e. 
maximum) rate, obtainable at fluid conditions, and a 
catalyst effectiveness factor which, as defined in 
Section 1.2.1, represents the ratio of the two rates.
It is worth noting, however, that while an effectiveness 
factor (n) provides a useful concept in the study.of 
catalyst pellet performance, its importance in reactor 
modelling is not immediately clear, especially because 
it is a function of position within the reactor. 
Furthermore, in systems where frequent numerical 
evaluation of n is necessary, a considerable increase 
in computational effort may be incurred. Finally, in 
the case of complex reaction systems, a number of 
effectiveness factors relating to various reacting
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components would have to be evaluated. This method 
is particularly laborious and will therefore not be 
used in the treatment of complex reforming reactions 
modelled in this thesis. Instead, the actual reaction 
and heat transfer rates, obtained from solution of 
pellet equations, will be used directly in the fluid 
flow equations. It is also worth mentioning here 
that McGreavy et.al.**® recognised this fact in their 
study and identification of global (rather than local) 
bounds on regions of alternative steady states in cata­
lytic reactors supporting exothermic reactions (cf. 
Section 2.3.4 ).
An important assumption widely employed in tubular 
reactor design is the plug flow assumption which 
generally entails uniformity of mass flow rate and 
fluid properties and absence of radial dispersion normal 
to the direction of flow. A major implication of this 
assumption is the uniformity of bed voidage and hence 
the absence of radial velocity distribution. This is 
not true in the majority of industrial reactors where 
local gas velocities tend to be particularly high in 
zones of relatively high bed voidage, e.g. near the 
tube wall. However, justification of this assumption 
may be deduced from the fact that simultaneous radial 
mass and heat dispersion usually counteracts the effect 
of high local velocities.'*^ Furthermore, the method 
of packing reactor tubes is by no means a reliable 
criterion in estimating distribution of bed voidage and
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local fluid velocities. The plug flow assumption will 
therefore be used throughout this work since, in this 
instance, it is difficult to draw any general conclusions 
regarding the effect of fluid velocity profiles on pro­
duct distribution.
Despite the fact that the reactor modelling aspects 
discussed hitherto have been based on the concept of bed 
continuity, its discrete nature cannot be over emphasized. 
Some theoretical work^® on reactor modelling has regarded 
the catalyst bed as a combination of a large number of 
minute, interconnected stirred tanks, more commonly known 
as mixing-cells, containing the catalyst particles.
Such models have the obvious advantage that the resulting 
reactor equations are algebraic rather than differential 
and are thus easier to solve analytically or numerically. 
While these finite-stage models are realistic in so far 
as they manifest the discrete nature of the system, a 
very large number of the so-called ’mixing-cells' are 
required, however, to achieve .an accurate description of 
bed profiles. This, of course, eliminates the mathema­
tical simplicity of the model and, in effect, corresponds 
to a finite difference representation of the differential 
equations describing the continuum type of models. For 
reasons of increased accuracy of representation, there­
fore, the mathematical models proposed hereafter will be 
of the continuum type.
The nature of the differential, equations, describing 
steady state material and energy balances over a reactor
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fluid element, of course depends upon the significance 
of radial dispersion effects. If the latter are 
important, the resulting two-dimensional model entails 
solution of a set of simultaneous, second order, partial 
differential equations. However, Thornton^® showed 
that, in the case of relatively simple exothermic reac­
tions with large axial temperature gradients, an assumed 
parabolic radial temperature profile gives good agree­
ment with the fully distributed parameter model. While 
particularly attractive in the case of simple reaction 
systems, application of this lumped parameter one­
dimensional model to the case of complex bifunctionally 
catalysed reforming reactions would still require exces­
sive computational effort since the pellet mass and heat 
balance equations have to be solved at many radial posi­
tions, using the parabolic fluid temperature distribu­
tion, in order to determine the mean mass and heat 
transfer rates. Furthermore, Thornton pointed out that 
in order to allow for the effect of the assumption of 
uniform radial fluid composition, the value of the wall 
Nusselt number (N.. = —  -- ) must be carefully chosen,^^w Ke
using a process of trial and error, to obtain the best 
fit. Bearing in mind the fact that such an analysis is 
naturally system dependent, its extension to the present 
study may indeed have an adverse effect, especially due 
to the endothermie nature of the systems investigated 
here.
On the other hand, axial dispersion affects, in 
other word diffusive mass and heat fluxes parallel to
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the direction of bulk flow, are relatively unimportant 
in the majority of industrial reactors, especially if 
reactor length exceeds about one hundred times the cata­
lyst particle’s diameter.®?*®*
Finally, it will have been noted that no attempt 
has been made in this survey to give a detailed critical 
review of the vast volume of literature pertaining to 
fixed-bed reactor modelling. This wifi only have 
caused unnecessary repetition of existing reviews.®*»^® 
Instead, the main principles involved in reactor model­
ling have been outlined and a brief account given of 
the important physical processes and the general assump­




Despite the general,importance of reactor stability 
in the design and controlled operation of industrial 
reactors, the majority of stability studies have been 
confined to exothermic reaction systems. It must be 
appreciated, however, that the drastic consequences of 
reactor instability in the case of exothermic reactions, 
namely temperature runaway and the subsequent catalyst 
sintering and poor product selectivity, sufficiently 
justify this trend.
In general, a reactor is considered unstable if 
small changes in inlet conditions cause large changes 
within the reactor. This effect may be a consequence
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of parametric sensitivity in which case the system will 
return to the original state after removal of the dis­
turbance, or, on the other hand, it may be associated 
with the occurrence of multiple steady states thereby 
the system will remain unstable until certain stability . 
conditions are met. Clearly, steady state multiplicity 
is the most serious form of reactor instability, whereas 
parametric sensitivity is especially important if it 
occurs near a region of multiplicity.^®
While thorough analysis of reactor stability 
requires solution of a dynamic model of the reactor, 
illustrating the latter's response to step,^® sinusoi­
dal®® or other perturbations in inlet conditions, a 
relatively simple steady state analysis, on the other 
hand, may be useful in so far as it indicates regions 
of unstable operation which can therefore be avoided in 
practice.
The highly complex nature of the overall endother­
mie reaction systems treated in this thesis means that 
any detailed stability analysis will be far too demanding 
in terms of computer time and core store unless the 
kinetic model is reduced to a simpler, more .tractable 
form. Such a kinetic model reduction has been under­
taken (Chapter 4) and the simplified model used in the 
subsequent dynamic model (Chapter 5). Despite this 
simplification and using a lumped-parameter, one­
dimensional, dynamic reactor model, the time required 
of the central processor (CDC 6600 electronic computer)
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was rather excessive (10-20 minutes). This unsteady 
state analysis, carried out in the case of compounded 
pellets, did not manifest unstable behaviour for a range 
of step perturbations in inlet conditions. Moreover, 
it will be demonstrated, in the .steady state treatment 
given in Chapters 2 and 3, that in a physical mixture 
of discrete pellets, the isomerization promoting catalyst 
pellet (type Y) could exhibit the well known phenomenon 
of steady state multiplicity under rather extreme opera­
ting conditions, namely when catalyst Y constitutes a 
very small volumetric fraction of the catalyst bed (i.e. 
less than 5% volume). This clearly undesirable
behaviour is due to the overall exothermicity of the 
irreversible hydrogenation reactions of methyl cyclo- 
pentadiene C and methyl cyclo-pentene B (see Figure 10) 
which causes the pellet responsible for isomerization 
(type Y) to exist at a-higher temperature level than 
that of the surrounding fluid. Pellets responsible 
for the endothermie dehydrogenation reactions (type X), 
on the other hand, do not exhibit such behaviour, nor 
does this occur in the case of compounded catalyst 
pellets (Section 2.2.2) due to overall endothermicity 
of the reforming process.
Finally, it is worth pointing out that a detailed 
discussion of the phenomenon of multiplicity in this 
thesis would b e .irrelevant since, as shown in Chapter 3, 
the superior nature of bifunctional compounded catalyst 
pellets means that, in any case, no further examination 
of systems of separate pellets will be necessary.
26
1,2.4 General Assumptions
Having discussed, with reasonably detail, the
important aspects of modelling the catalyst particles
and the reactor containing them, it is perhaps pertinent
at this point to outline briefly the many assumptions,
- »
apart from those already examined, which will be made in 
order to simplify the mathematical models proposed here­
after. In modelling the bifunctional, catalyst pellets, 
the following assumptions will be made:
a) Adsorption and desorption of reactants, interme­
diates and product are instantaneous. While adequate 
in the majority of cases, this assumption may be relaxed 
by including a suitable expression, describing these 
processes, in terms of reaction rates. This, however, 
will result in a considerable increase in computational 
effort, especially due to the fact that the coefficients 
of adsorption and desorption are temperature dependent.
b) Diffusion in the adsorbed layer (i.e. surface 
diffusion) is implicit in the effective diffusion coef­
ficient Dg (Chapter 2). It would be difficult, however, 
to estimate, with any reasonable confidence, the effect 
of surface diffusion on the fate of chemical reaction. 
There is, in any case, a dearth of information on surface 
diffusivities.
c) Concentration and temperature fields around the 
single compounded pellet and the two separate pellets,
in the case of a physical mixture of discrete pellets.
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are all symmetric. In other words, conditions at 
every point on the surface of each catalyst particle 
are identical, therefore each catalyst particle within 
the reactor is considered as though it acts at a single 
point. This is not unreasonable, especially if the 
size of the catalyst particle is small in comparison to 
the dimensions of the reactor. In any case, it would 
be very difficult to allow for existence of non-uniform 
concentration and temperature fields around the catalyst 
particles due to lack of available information and the 
fact that such effects are extremely system dependent.
d) In the case of compounded catalyst pellets, diffu­
sion of material within the micro-pores of individual 
catalytic species is negligible in comparison to diffu­
sion within the micro- and macro-pores of the compounded 
pellet. This assumption may be justified by the fact 
that, when pelletizing the two catalytic components to 
form a single catalyst particle, the constituents of
the single, composite pellet are very small in comparison 
to the size of the compounded particle. Clearly, this 
argument does not apply in the case of separate pellets. 
In fact, as demonstrated in Chapter 3, this observation ■ 
entailing availability of both active species within the 
same particle - underlines the. superiority of compounded 
pellets especially in systems of outstanding intra­
particle and inter-phase transport limitations,
e) Effective diffusion coefficients and inter-phase
mass transfer coefficients for reactants, intermediates
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and products in the cases of compounded and separate 
pellets are all identical. This assumption may be. 
justified in view of the similar molecular weights of 
all reacting species.
f) All reaction steps, in the complex reforming reac- 
tion schemes described already, follow first order 
kinetics. This entails that the reaction rate along 
any path depends upon the concentration of one reactant 
only. Furthermore,. when coupled with the assumption of 
catalyst pellet isothermality, the resulting particle 
equations may be solved either analytically or using 
simple numerical algorithms (Chapter 2).
g) In the dynamic model proposed in Chapter 5, the 
pellet concentration profiles are assumed to exist at a 
pseudo-steady state (i.e. the transient terms are negli­
gible). Justification of this assumption may be found^* 
by the fact that the mass capacity of the catalyst pellet 
is much less than its thermal capacity. Consequently, 
the rate of change of concentration profiles is much 
greater than the rate of change of corresponding tempera­
ture profiles with respect to time.
h) Bifunctional catalyst pellets, whether compounded 
or physically mixed, are assumed to be spherical with 
equal particle diameters throughout the reactor. 
Mathematical treatment of non-spherical particles may
be achieved, however, by the definition of an appropriate 
effective radius.
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i) It is finally assumed that all catalyst particles 
of any particular type have constant activity. While 
catalyst deactivation with respect to time is known to 
occur, its treatment lies beyond the scope of this 
thesis.
Having dealt with the major simplifying assumptions 
used in the mathematical modelling of bifunctional cata­
lyst pellets, attention will now be drawn to reactor 
modelling. Apart from those already pointed out in 
Section 1.2.2 (i.e. plug flow assumption, bed continuity, 
lumped radial heat transfer approximation, negligible 
axial dispersion), the following assumptions will be 
employed for the treatment of reactor models given in 
Chapters 3, 4 and 5:
i. Temperature and concentration profiles within the 
reactor are axially symmetric. This assumption is 
usually adequate in the case of single reactor tubes 
since conditions do not vary significantly around the 
tube circumference. However, in the case of multi- 
tubular reactors, where cooling (or heating) may be 
achieved by cross-flow of the heat exchange fluid, 
Adderely®® showed that, for highly exothermic reactions, 
large temperature gradients may develop in the coolant 
flow direction. While this treatment is possible for 
relatively simple reactions, its extention to the refor­
ming reactions modelled.in this thesis would require 
excessive computational effort. In any case, the 
results obtained from such analysis could be meaningless
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due to lack of reliable data, especially in relation to 
heat transfer and its dependence upon temperature and 
velocity fields around the reactor tubes,
ii. Physical and chemical parameters used in reactor 
modelling (e.g. effective diffusion coefficients, mass 
and heat transfer coefficients, thermal conductivities, 
fluid density, fluid specific heat, reaction rate coef­
ficients, activation energies, heats of reaction, etc.) 
are all assumed to be independent of position, temperature 
and concentrations. The limited increase in accuracy 
achieved by allowing for such variations, mainly due to 
limited reliability of available data, however, does not 
justify the substantial increase in computational effort.
iii. .A major simplification of the dynamic model of the 
reactor is achieved by assuming that fluid temperature 
and concentration profiles exist at a pseudo-steady state. 
This assumption may be deduced by reference to the fact 
that thermal and mass capacities of reactor fluid are 
much smaller than those of the catalyst pellets. There­
fore the transient response of the reactor will be slow
in comparison to residence time. Thornton^® showed 
that, in the case of complex exothermic reactions, the 
results obtained using this approximation are in good 




It is essential for the chemical engineer, 
involved in the theoretical aspects of equipment design 
and performance, to acquire basic understanding of the 
principal features of the many numerical algorithms 
available for treatment of mathematical models proposed 
to describe the physical system. While in principle 
the task of developing efficient numerical algorithms 
for solving a system of engineering equations lies with 
the mathematician, there have been, however, many exam­
ples where this task was successfully carried out by 
engineers who, clearly, possess the advantage of a better 
appreciation of the nature of the physical system and 
hence the objectives of the numerical algorithm sought.
A desirable numerical method must therefore offer a rea­
sonable degree of accuracy, numerical stability and 
economy in terms of computer execution time and core 
store.
With the development of high speed computers, occur­
ring mainly within the past two decades, the need for 
establishing efficient numerical algorithms, to tackle 
complex engineering systems models (some of which evade 
analytical treatment) has been fulfilled by concomitant 
advances in the methods of digital computation. The 
object of this section, however, is to review briefly 
those numerical methods which are relevant in the treat­
ment of the various mathematical models proposed in this 
thesis. These mathematical models are generally
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represented by systems of simultaneous, first or second 
order, linear or non-linear ordinary differential equa­
tions (ODE’s). While the order of the ODE is irrelevant 
to the method of solution, linear ODE’s may, in principle, 
be solved analytically. Such (second order) differen­
tial equations could represent the processes of diffusion 
and chemical reaction (with first order kinetics) within 
an isothermal catalyst pellet. However, analytical 
treatment often becomes far too laborious if the number 
of simultaneous linear ODE’s exceeds 2. The latter is 
clearly dictated by the number of principal components 
of the reaction system. Alternatively, solution may be 
achieved in terms of the eigen-values and eigen-vectors - 
of the corresponding matrix - which can be determined 
using a relatively simple numerical algorithm (Section 
2.2.2). The constant coefficients associated with the 
general solution may then be determined by subsequently 
solving a set of simultaneous, linear, algebraic equations 
using a reliable numerical technique (e.g. Gaussian 
Elimination). A similar treatment may be applied to 
the simultaneous, first order, linear ODE’s describing 
fluid material balances in the isothermal, one-dimensional 
reactor model.
Having discussed methods of treatment of simultaneous, 
linear ordinary differential equations, attention will now 
be focussed on the more important class of ODE’s, namely 
the non-linear type, whose solution can only be approxi­
mated using appropriate computational methods. Broadly
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speaking, two main groups of numerical algorithms may 
be used in this case, depending on the nature of the 
boundary conditions of the differential equations.
The first group of numerical methods, commonly known as 
implicit finite difference methods, are suited for sol­
ving boundary value problems. The latter entails non­
linear ODE’s in which conditions are specified at both 
boundaries of the independent variable. Solution of 
these equations is therefore carried out by initially 
substituting for the derivatives with central difference 
approximations obtained from Taylor’s series, making use 
of the available boundary conditions. Initial estimates 
of each variable are then made over the whole finite 
difference network in order to evaluate the coefficients 
in the resulting tridiagonal matrix. Solution of this 
system of algebraic equations may then be carried out 
using an efficient numerical algorithm which principally 
features the method described by Bruce et.al.®® and 
attributed by them to L.H. Thomas of the Watson Scien­
tific Computing Laboratory. This numerical algorithm^®^■ 
requires decomposition of the tridiagonal matrix of coef­
ficients into upper and lower diagonal matrices, followed 
by the simple processes of back substitution. It com­
pares favourably with the conventional Gaussian elimina­
tion technique since it minimizes round-off error growth 
and core store requirement. Having obtained improved 
values of the variables, thé latter are subsequently 
substituted back into the tridiagonal matrix and the pro­
cess of iteration is continued until convergence is
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achieved. This is usually judged by comparison of 
results obtained from consecutive iteration cycles.
In spite of the general suitability of this iterative 
finite difference method,^®»®? Al-Samadi^® has demons­
trated that, in the case of complex reforming reactions, 
special care must be exercised to employ sufficient 
computational accuracy (viz. double precision arithmetic 
on an ICL4-50 machine). Otherwise, incorrect results, 
which vary according to the integration step size, will 
be obtained. This point, together with other important 
features of this method, will be discussed in detail in 
Section 2.2.1.
The second group of numerical integration methods, 
namely the explicit, step-wise methods, are generally 
employed in solving initial value problems. In this 
case, solution is started at one end of the range of the 
independent variable and continued, in a step-wise manner, 
until the other end is reached. While generally inade­
quate for boundary value problems,explicit methods are 
clearly well suited for treatment of reactor models.
It is worth noting, however, that two main types of 
explicit finite difference methods are commonly used, 
namely Taylor series and Runge-Kutta methods  ̂ ?
The former type of methods is based on Taylor series 
expansion and involves numerical evaluation of first 
and higher order derivatives, depending on the required 
accuracy, by successive differentiation of the series 
and subsequent substitution of initial conditions in 
order to progress solution to the next point
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along the integration path. Even though they have the 
advantages of self starting, ease of change of integra­
tion step size and reasonable stability, the need for 
repeated evaluation of derivatives could prove to be too 
demanding in terms of computational effort. Runge-Kutta 
(R-K) methods, on the other hand, overcome this problem 
by merely requiring several evaluations of the function 
itself, rather than its derivatives, within the integra­
tion step. Most common of these methods is the fourth 
Order R-K formula in which the function is evaluated at 
four different points along each integration step (h), 
thereby reducing the order of magnitude of truncation
c
error to 0(h ). While truncation error is a measure of 
inaccuracy of the numerical method introduced by appro­
ximating the function over the integration interval, 
round-off error, on the other hand, represents accumula­
ted inaccuracy caused by the fixed number of digits in 
machine calculations. Clearly, round-off errors may 
therefore be minimized by using higher computational 
precision (e.g. double precision arithmetic) and reducing 
the total number of calculations by, for example, employ­
ing a relatively large integration step size. In con­
trast, truncation error is reduced by using a small step 
size. Consequently, for a given arithmetic precision, 
there exists an optimum integration step size for which 
the total error imposed by the numerical method is a 
minimum. However, if the numerical method shows insta­
bility when using this optimum step size, then a different 
method must be sought.
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A useful modification of the conventional fourth 
order Runge-Kutta method has been carried out by Merson.**® 
While increasing the number of function evaluations to 5, 
this modification offers a relatively simple estimation 
of truncation error in terms of .the integration step 
size. Therefore, the latter may be halved (or doubled) 
depending on the required accuracy. Due to ease of 
programming, high accuracy and reasonable stability, the 
Runge-Kutta-Merson numerical algorithm will be used in 
this thesis for the purpose of integrating the non-linear 
simultaneous ODE's in the general reactor model (Chapters 
3, 4 and 5).
Finally, for a detailed mathematical development of 
the important aspects of numerical solution of non-linear 
ODE's (e.g. finite difference formulae, estimation of 
truncation error, stability of numerical method etc.), 
the interested reader is referred to appropriate text 
books, 0 » *♦ 1, 7
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CHAPTER TWO
STEADY STATE MODELLING OF BIFUNCTIONAL CATALYST PELLETS
2.1 INTRODUCTION
As already pointed out, mathematical modelling of 
the catalyst pellet is important in so far as it throws 
light upon the physical and chemical processes which 
govern the rate of transport of material and energy 
between the fluid and solid phases. For a given reac­
tor tube, therefore, these processes will determine the 
energy required (or dissipated) and conversion to 
desired products. Clearly, in homogeneous or quasi- 
homogeneous reactor models, treatment of the catalyst 
pellet would be superfluous since conditions within the 
pellet and those of the main fluid stream are identical. 
Heterogeneous models, bn the other hand, stress the 
importance of transport phenomena and therefore provide 
a more accurate description of practical reactors. It 
is for this reason that the latter kind of models will 
be investigated in this chapter. Mathematical treat­
ment will be extended to cover both types of bifunctional 
catalyst preparation, namely compounded pellets and phy­
sically mixed separate pellets.
A fully distributed parameter model, allowing for 
temperature variation within the pellet, will first be 
proposed for compounded pellets in order to determine the 
feasibility of a more tractable lumped thermal resistance 
model. Conclusions drawn from this model will then be
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utilised for both types of bifunctional catalyst sys­
tems in all subsequent studies.
2.2 MODELLING OF'COMPOUNDED PELLETS
Reforming of methyl cyclo-pentane is frequently 
carried out over compounded, bifunctional catalyst 
pellets. These catalysts are usually prepared by 
pelletizing the two active catalytic species, namely 
highly dispersed platinum supported on silica-alumina, 
into single, composite particles, hence eliminating 
inter-particle transfer resistances.
Figure 1, below, gives an outline of the reaction 
scheme proposed, as a result of chemical kinetic studies,^ 
to describe aromatization of methyl cyclo-pentane over 
composite bifunctional pellets. In this scheme, all 
reaction steps are assumed to follow first order kinetics. 
Furthermore, components A, B, D, E and F represent methyl 
cyclo-pentane, methyl cyclo-pentene, cyclo-l-hexene, 
cracked products (mainly paraffins) and finally ben­
zene, whereas active catalytic species (viz. platinum 
and fluorinated silica-alumina) are indicated by the 
symbols X and Y respectively. Clearly, the desired 
product (F) may be formed directly from B due to the 
cooperative’' effect of the two active catalytic species 
(X and Y) as well as indirectly from D by isomerization 
of B.
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Figure 1, Kinetic model for a compounded catalyst
When representing the rates of bifunctionally cata­
lysed reactions in mathematical terms, allowance must be 
made for the fact that certain reactions are confined to 
active catalytic sites of type X whereas the rest are 
catalysed by type Y active species. If the reaction 
rate coefficient of component i (viz. ) is based on 
unit surface area of active catalyst of type j (where j 
refers to X or Y), then must be combined with a frac­
tion defined as the ratio of active surface area of type 
j catalyst to the total active surface area of the bifun­
ctional catalyst. On the other hand, if k^ is based on 
unit volume of catalyst, the specific rate coefficient
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is obtained* by multiplying with a volumetric frac­
tion, Therefore, it is necessary in this context, to 
define e as the volume fraction of total active bifunc­
tional catalyst due to type X species. Similarly, the 
fraction relating to type Y species will be given by 
(1-e). In the case of the cooperative reaction step 
B F (Figure 1), however, the specific reaction rate 
coefficient will be represented by e(l-e)k^. This 
expression has been postulated for the following reasons:
a) The expression e(l-e)*k^ demonstrates the depen­
dence of the cooperative reaction step B F on 
both catalytic species (i.e. types X and Y) since 
absence of either type of catalyst will cause e or 
(1 -e) to vanish, hence making the reaction rate 
equal to zero. Moreover, if e(l-e) is removed from 
the expression, then the reaction B ->■ F will proceed 
at a fixed rate, independently of both catalytic 
species which is contrary to experimental evidence.^
b) In the absence of further information, it has been 
assumed that both types of catalyst take equal part 
in collaterally promoting the reaction B ->■ F. Had 
there been experimental evidence to the contrary, 
then G would have appeared in the expression e(l-e)k^ 
with exponents other than 1 (e.g. 2 or  ̂ etc.).
2.2.1 Fully Distributed Model
With reference to the foregoing discussion, regar­
ding the mathematical modelling of bifunctional catalyst
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pellets, and bearing in mind the general assumptions 
given in Section 1.2.4, the differential equations 
describing mass and heat dispersion within a spherical, 
porous, composite catalyst pellet may now be written 
for components A, B, D and F (Figure 1):
Çe
6R 6R
—  (R^ - eCk^ + kj) + e k^ Cg = 0 (2.1)
2 â  J .  (r 2 «£&) + E k. C, - {ek,+ (l-e)k. + eCl-e)k-}*
r2 6R 6R i a z 4 /
Cg + (l-cykgCQ = 0 (2.2)
D 6 9 GCn
_  (R^ — ) + (l-e)k,C_ - {(l-e)kr+Gk,}C_ = 0 (2.3)
R^ ÔR ÔR  ̂ b 0 u
D 6 2
- 4  —  (R •— ) + e(l-e)k C + ek C = 0 (2.4)
R 6R 6R ' ^ °
Where Cj represents the concentration of component 
j(j = A, B, D and F) at a radial position R from the 
centre of the pellet, k^ is the first order rate 
coefficient for reaction step i (i = 1, 2 .... 7), as 
indicated in Figure 1, while denotes the effective 
diffusivity of all components within the pellet. c, 
on the other hand, represents the volumetric fraction of 
the composite pellet due to type X catalytic species. 
These mass balance equations are coupled with the 
following differential heat balance equation:
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by the general Arrhsnius expression for reaction step i:
-AE,
k. = A.. expC -); where i = 1, 2 .... 7 (2.6)
 ̂ Rg.T
Where T represents the temperature at a radial position 
R from the pellet centre, whereas is the effective 
thermal conductivity of the pellet. AH^2 , AH^, AH^g,
AH^ and AH„ denote heats absorbed due to
^  ̂ X X X X
following reactions: A 2 &, A ^ E, B + D, D - ^ F  and
X&YB F respectively. A^ and AE^ represent the fre­
quency (or collision) factor and activation energy, 
respectively, for reaction step i, as indicated in 
Figure 1, while Rg denotes the universal gas constant. 
The above equations will be subject to the following 
Neumann type boundary conditions describing material 
and energy transport at the pellet-fluid interface:
ÔCa 6T . .
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ÔT
Ke —  = h (T - T)
6R ^
at R = Rg ;
j = A; B, D and F
(2.8)
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Where Cj ̂  and represent the fluid concentration of
component j and the fluid temperature respectively.
k , h and R_, on the other hand, denote the fluid filmm' S' '
mass and heat transfer coefficients and the radius of
the composite pellet respectively.
Solution of Equations (2,1)'“(2„8)
The differential mass and heat balance equations 
(viz. 2 .1-2 .5) are clearly non-linear due to the expo­
nential dependence of the reaction rate coefficients 
(k_, i = 1 , 2 .... 7) on the temperature within the 
pellet according to equation (2.6). Analytical solution 
of these equations is therefore not possible, hence 
necessitating numerical treatment. However, Petersen**^ 
obtained a closed-form expression of the catalyst 
effectiveness factor (defined in Section 1.2.1) - for a 
simple first order reaction (A B) using a slab-shaped 
catalyst - by approximate linearization of the exponen­
tial term using Taylor series expansion. While 
barely feasible for limited treatment of the simplest 
chemical reaction and particle geometry, Petersen's 
approximation in the case of complex reforming reactions 
would be tedious, if not totally unreliable, especially 
for spherical catalyst pellet's. In any case, the 
accuracy of the results obtained from such analysis 
would be restricted, especially for relatively large 
values of pellet effective diffusivity since Petersen’s 
method assumes that component concentrations fall to 
zero at the pellet centre. This is not the case in com­
plex reaction systems.
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The two-point boundary value problem posed here is 
therefore best solved numerically using an iterative 
implicit finite difference method in which the first and 
second order derivatives in the equations are substituted 
with their central difference approximations, subsequent 
to rendering “the differential equations dimensionless by 
means of suitable change of variables. To avoid unneces­
sary repetition, however, the following treatment will be 
confined to a description of the essential features of 
the numerical method. A detailed discussion of the 
latter has already been given^* for a similar set of 
non-linear ordinary differential equations.
Equations (2.1)-(2.5) and the boundary conditions 
(2.7) and (2.8) may be transformed into the following 
general equations in terms of the dimensionless variable 
f which represents the dimersionless concentrations and 
temperature (i.e. and T“):
£ 2 df
+ p . f + q = 0 (2.9)
d R '2 r' dR'
The transformed boundary conditions are:
df . •




= K (ff - f) at R" = 1 (2 .1 1 )
In the -general equation (2.9), p is a function of
temperature whereas q is a function of temperature and
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concentrations. The significance of the various 
parameters in equations (2.9)-(2.11) is explained 
in Table 1 *
Table 1» Expressions for Terms in General'Pellet Equation 
£ ff p q K
*"A£ + «3 ) e ^2 ""B
Cg Cgf -{e + (l-E)SJ^ e C' + (l-e)ft^ C' Ng^/2
+ e(l-e Ry}
C' C'f -{(l-e)R^ + e R^} c' Ng^ /2
Cp Cpp 0 E(l-E)ft^ C' + E C' Ng^/2
r  T' 0 HeCHg a\ + R^)C^ lJj^y/2
-H{e ^2 ■
-Hy Efl-ejOylCg 
+H{HgE Rg - H^gCl-e)-
R2}Cg
It is worth noting that, although equation (2.4), 
representing the concentration of final product F, has 
been written with other mass balance equations and may 
be solved in the same way, it is actually redundant in 
so far as solution of the whole system is concerned. 
Consequently, the total rate of production of component 
F (i.e. IVp) may be obtained from the following expression:
R
4tt f exp {■ + G(l-c)Ay exp
















j = A, B, D and F
H
f = Tp.Rg/AE,







Rf.A, .{exp(---- i.— )}/D^; i = 1, 2 ---  7






=  2 - R s - V » e
= 2.R. .h/K s e
The first and second order derivatives in equations 
(2.9)-(2.11) may now be expressed in terms of their cen­
tral difference approximations, obtained from a Taylor
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séries expansion, as follows:
^  ~ fj-i , ■
dR' rp + 
and:
d̂ f̂ 2{fp.f^+i - (r^ + 1-2) f- +
dR'Z r^.T2 (r^ +
(2.13)
(2.14)
Where i represents any point along the .finite difference 
network (i = 1, 2 .... N-1, N) and r^ and r2 are the 
step sizes within the regions before and after the point 
i respectively, hence allowing for a non-uniform mesh to 
be used. Substituting equations (2.13) and (2.14) in 
the general equation (2.9), the finite difference equa­
tion for the general point i becomes:
^i-1 " “ i ^i + l " (2-15)
■ 2 1 1
Where s. = ---------  . (—  - --- )
(Ti + r2) R p
U .  =   r— ?------- . (—  + — )
(Ti + r^) R /
And V. = -q. 1
Furthermore, when combining equation (2.13) with the two
boundary conditions (2 .1 0 ) and (2 .1 1 ), the finite dif­
ference. equations representing the two extreme points
i = 1 and i = N become:
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ti + Up f2 = (2.16)
And
% - l  + (2.17)
Where  " — ?/> = -q
^1 ^1
1
And 2 » " 2 " %K( + 1) ;
^2 ^2 ^2
VN = -q^ - 2K £ p ( ^  + 1)
The finite difference equations (2.15)-(2.17) 
represent a system of N simultaneous, non-linear alge­
braic equations with N unknown variables (f\, i = 1, 2 
.... N). For each key variable j (j = C^, CJ, Cg and T^), 
these.equations may be expressed using the following 
general matrix notation:
Aj . fj = Bj (2.18)
It is worth noting that Aj represents a tridiagonal
matrix of coefficients for the j c o m p o n e n t  whereas fj
and Bj are column matrices containing the point values
*t Itand the right hand side constants of the j variable 
respectively. As explained already,solution of the 
system of equations(2.18) may be accomplished using the 
following process of matrix decomposition and back sub­
stitution:
A = L . U (2.19)
Where L and U are simple lower and upper diagonal
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matrices respectively. Combining equations (2.18) and 
(2.19), the following equation is obtained:
L . U . f = B (2 .2 0 )
Writing U . f = (2.21)
Equation (2.20) becomes:
L . Z = B (2.22)
Since the elements of L and B are known, the point 
values of the column matrix ^ may be determined directly 
by forward substitutions. Subsequently, the point 
values of ^ are substituted back in equation (2 .2 1 ), 
thereby solving for the variable f_ over the whole finite 
difference network by a simple method of back substitu­
tion. The whole process may then be repeated to solve . 
for the remaining variables while continuously updating 
the coefficients in the tridiagonal matrix A to speed up 
converg e n c e . F u r t h e r m o r e ,  the finite difference 
network may be divided into a number of regions of 
different step sizes since, according to the boundary 
conditions, gradients tend to be highest near the pellet 
surface (i.e. at = 1). Finally, it must be remembered 
that, in order to start the solution of the system of 
equations (2.18), the elements of the tridiagonal matrix 
Aj must be ■'known. Since these elements are functions 
of the unknown variables fj, initial estimates of the 
latter must therefore be made. Solution for fj 
(fj = C^, Cg, Cq and T^j is then repeated with continuous 
updating of variables until convergence is achieved.
The data regarding physical and chemical parameters
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appearing in equations (2 .1 )-(2 .8 ) is presented in 
Table 2.
The catalyst effectiveness factor for component A 
may be determined from the numerical solution of equa­
tions (2 .1 )-(2 .5) using the following expression:
;  = _ -----' ("Af - "a s )-------- (2.23)
Rs{s(ki + k2)C^£ - e k^
As explained in Section 1.2.2, the concept of a cata­
lyst effectiveness factor has a rather limited use in 
general reactor modelling, especially in the case of 
complex reactions where a number of effectiveness fac­
tors, relating to various reacting components, must be 
evaluated. Having already undermined its importance in 
so far as the study^^ of the performance of single com­
posite pellets is concerned, numerical evaluation of 
effectiveness factors in subsequent investigations will 
only result in increased computational effort and will 
therefore be avoided.
Discussion of Results
Whenever a numerical algorithm is employed to 
obtain information about a physical system, it is 
important to determine the reliability of the results 
by investigating the accuracy, stability and consistency 
of the numerical method. Otherwise, results which do 
not relate to the physical system under consideration 
could easily be obtained since, apart from personal
51
Table 2, Data Used in SolDing Fully Distributed Model 
of Composite Pellets (Fig,l)
Parameter Symbol Magnitude SI units
Arrhenius Factor 5.8475 X 1 0 ^ 0 sec-1
M
^2 6.3380 X 1 0 ^ TT
II 1.8596 X 1 0^2 II
II
h 5.7274 X 1 0 °
TI
II
As . 1.5240 X 1 0 ^
TI
II
As 1.3864 X lolo
II
II














II AE3 2.05275 X 1 0 ^ TT
li ÛE4 3.6266 X lo"̂ TT
TI AE3 4.1056 X lo"̂ TT
TT AEg 1.43695 X 1 0 ^ TT
IT AEy 1.99802 X 1 0 ^ TT
Heat of Reaction AH12 1.05842 X 1 0 ^ kJ/kg mole
AH3 -4.9488 X lo"̂ II
AH45 4.689 X 1 0 ^ II
9.5417 X 1 0 ^ IT










Component A 1 .0
” B r'Bf 0 .0
" D r'• Df 0 .0
Table 2 (oont^d)
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intuition, there is no direct approach to assess the 
applicability of the results. Before discussing the 
main conclusions drawn from solution of the fully dis­
tributed parameter model of the compounded pellet, it 
is therefore worthwhile to examine the conditions under 
which the iterative, implicit finite difference method 
gives reproducible results.
Previous i n v e s t i g a t i o n s ,^9 supported by the current 
study, have shown that in order to obtain a reliable 
numerical solution in the case of complex reforming
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reactions, it is necessary to employ high numerical 
precision (e.g. double precision on an ICL 4-50 compu­
ter) , thereby reducing round-off errors to a minimum. 
However, single arithmetic precision may be sufficient 
on the more sophisticated electronic computers (e.g.
CDC 6600), since the latter store a considerably larger 
number of significant digits. Explanation of this 
phenomenon may be deduced from the observation that 
some chemical parameters, represented by p in equations 
(2.15)-(2.17), may become negligibly small in comparison 
to the terms containing the step lengths (viz. r^ and 
r2) when using single arithmetic precision. Examination 
of the relevant terms in equations (2.15)-(2.17) reveals 
that this effect becomes even more important for smaller 
values of r^ and r̂ ,.
The choice of initial estimates of profiles of 
variables is another important consideration in the 
application of iterative numerical methods. It v/as 
found that proper choice of these estimates results in 
a considerable saving in computing time. This is to be 
expected, however, since provision of good staiting 
values means that a relatively small number of iterations 
would be necessary for the solution to converge.
Numerical tests showed that the best initial estimates 
of profiles of variables are those which are equal to 
the dimensionless fluid temperature. Clearly, this is 
due to the dependence of reaction rate coefficients on 
the temperature within the pellet, coupled with the 
fact that the latter is not far removed from the fluid
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temperature. If an indiscriminate estimate of 1.0 is 
made,97 the solution may oscillate before convergence is 
obtained, with the result of increased computational 
effort. Besides, while convergence to the correct 
numerical solution is invariably achieved if the state 
variables - especially fluid temperature - lie within a 
practical range of values, convergence to incorrect 
results may prevail for values of the fluid temperature 
in excess of 1000°K. This is most probably due to 
failure of the numerical method caused by the effect of 
such high temperatures on the exponential terms in 
equations (2.15)-(2.17). Perhaps this problem would 
not arise if a larger, more sophisticated computer was 
Used, but since the values of fluid temperature for 
which this phenomenon is significant lie well, outside 
conditions of practical importance, this point will not 
be taken any further in this study. Furthermore, it 
is worthwhile emphasizing the importance of using a 
non-uniform integration mesh (i.e. one with variable 
step size) for the sake of increased accuracy and reduced 
computational effort since the error implicit in the 
finite difference approximation of derivatives in fact 
depends upon their magnitudes. It is therefore advi­
sable to employ a very small integration step size near 
the pellet surface, where large concentration gradients 
are known to exist. The step size may be increased 
towards the pellet centre where, according to the boun­
dary conditions, all the gradients are zero. In solving 
the mathematical model of the catalyst pellet, high
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accuracy was therefore achieved by dividing the dimen­
sionless pellet radius into five regions of different 
step lengths. Starting at the pellet centre, these 
were: 0.02, 0.005, 0.002 5, 0.002 and 0.00004. The
dimensionless length of regions corresponding to these 
step sizes wete: 0.8, 0.1, 0.05, 0.04 and 0.01 respec­
tively.
Figures 2-8 exhibit typical computed temperature 
and composition profiles for a wide range of practical 
conditions. The most significant feature of these pro­
files is the complete absence of temperature gradients 
within the composite pellet. Having already been 
observed^® for complex, highly exothermic reaction sys­
tems, this flat profile, originally pointed out by Besk,^^ 
is not very surprising in the case of the relatively mild 
endothermie reactions studied here. Clearly, absence of 
temperature gradients within the pellet (i.e. pellet 
isothermality) means that the entire heat transfer resis­
tance resides within the stagnant fluid film in the 
immediate neighbourhood of the pellet surface. This 
conclusion offers immediate simplification of the solu­
tion of pellet equations since the pellet temperature is 
no longer a function of radial position. Consequently 
the reaction rate coefficients are independent of tem­
perature and the mass balance equations may therefore be 
solved either analytically or numerically, by finding 
the eigen values and eigen vectors of the corresponding 
matrix. For a given set of fluid conditions, the con­




Figure 2 Ttadial temperr.tui-e and composition p r o ­
files within a composite pellet 
(T. = 773°K, - 0.04 m/scc, - 4 x
10"? m^/scc, c ' 0.1)
« 004
Figure 3 hadial temperature and composition pro­
files within a composite pellet 
(T^ - 773°K, k^ ' 0.04 n/soc, = 4 x 
10  ̂ m^/sec, c •= 0.5)
10
0-0 0 00 0
Figure 4 Radial temperature and composition pro­
files within a composite pellet 
(Tf « 771°K, k^ - 0.04 m/scc, - 4 x 
10"^ r.^/sec, c » 0.9)
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Figure S Radial temperature and compoeition pro­
filed within a composite pellet
0 . 0 4  m / s c c ,  D 
0 . 5 )
»\ . 0 «*n
figure Radial température and compoeition pro­
filée within a compacité pellet 
(Tf  ‘ 773°K,  '  0 . 0 4  m / s c c ,  D • 4 x
Figure 5 Radial temperature and com,position pro­
filée within a composite pellet 
(Tf  -  773°K,  = 0 . 0 4  m / s c c ,  - 2 x
10*^ m ^ / s c c ,  c -  0 . 5 )
Figure 8 Radial tei.porature and composition pro­
files within a compos ite pellet 
(T^ » 500°K,  “ 0 . 0 4  m / s c c ,  ■= 4 x
10  ̂ m ^ / s c c ,  c * 0 . 5 )
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iteratively solving a non-linear algebraic equation 
representing the heat balance over the pellet. Further 
details of this lumped parameter model are given in 
Section 2.2.2.
Apart, from demonstrating the isothermality of the 
catalyst pellet in all the cases considered, Figures 2-8 
emphasize the interaction between mass transfer and 
chemical reaction. For a given value of the effective 
diffusivity (viz. 4.0 x 10  ̂m^/sec), Figures 2, 3 
and 4 show the increasing significance of diffusional 
retardation - by the falling concentration of component 
A - as the reaction rate is increased by increasing the 
catalyst composition e. The effect of diffusional 
retardation on the rate of chemical reaction is demon­
strated even more clearly in Figures 5, 6 and 7 which 
manifest the diminishing importance of molecular diffu­
sion as the pellet effective diffusivity is increased
while fixing all other parameters. For a hypothetical
* 5 2value of Dg equal to 4.0 x 10 m /sec, Figure 7 in 
fact shows that diffusional retardation is virtually 
absent, hence the surface concentration of component A 
remains almost unchanged throughout the pellet since 
component A is immediately replenished as it continues 
to react giving components B and E. While component E 
is not described in the mass balance equations (since 
this equation is redundant), the concentrations of B and 
D, however, are nearly zero since, by similar, reasoning, 
these components are transferred away from the catalyst 
pellet as soon as they are produced.
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The effect of temperature on the interaction 
between mass transfer and chemical reaction is apparent 
from a comparison of Figures 3 and 8 . By fixing all 
physical parameters including Dg, it is clear that as 
the fluid temperature is reduced^ from 773^K to 500°K, 
chemical reaction within the pellet is completely 
quenched. The surface concentration of component A 
therefore prevails throughout the catalyst pellet since 
diffusional retardation is no longer a rate limiting 
process, despite the relatively small magnitude of Dg 
(viz. 4.0 X 10  ̂ m^/sec).
Finally, it is worth remembering that as the rate 
of chemical reaction is increased, for example by inc­
reasing E or the pellet temperature, the catalyst effec­
tiveness is reduced accordingly. The same effect is 
obtained by reducing the catalyst effective diffusivity. 
This is clear from examination of the' values of effec­
tiveness factors (n^) given in Figures 2-7. In Figure 
8 , however, is indeterminate since all reaction rates 
are zero^* due to the very low fluid temperature (viz. 
500^K). Clearly, it is desirable in practice to operate 
in a region where both the reaction rate and the catalyst 
effectiveness are reasonably high. Such condition may 
be fulfilled by using relatively high fluid temperatures 
and effective diffusivity and a small particle diameter.
2.2.2 Lumped Thermal Resistance Model
Examination of the results obtained by solving the 
fully distributed parameter model of the bifunctional
. 6 0
composite pellet has clearly demonstrated the congruence 
of a lumped parameter model in which heat transfer resis­
tance is confined to the fluid film exterior to the sur­
face of the catalyst pellet, while the particle itself 
remains essentially isothermal. This section will 
therefore be devoted to a detailed discussion of this 
mathematical model since, due to its accurate descrip­
tion of the behaviour of the pellet and its inherent 
simplicity, it will be used extensively in subsequent 
treatments.
As already pointed out, the differential heat 
balance equation in the fully distributed model (i.e. 
equation 2 ;5) may now be replaced with an algebraic heat 
balance equation which can then be used to determine the 
uniform temperature T^ of the catalyst pellet. With 
reference to Figure 1, this heat balance may be written 
as follows:
(Tf - T,) = -{cC-AH^lnAs k, [^2 + cC-AHi,).
(^As ^1 ^As ” ^Bs ^2 Cgg) (I'cO» 
(-AH4^)(riBs k^ - riĵg k^
+ e  ( 1- e )  ( - A H ^ )  k y  +  e ( - A H ^ ) *
^Ds ^6 ^Ds^ (2.24)
In equation (2.24), is the effectiveness factor
J 5
with respect to component j , based on surface condi­
tions, whereas Ĉ  ̂  represents the surface concentration
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of component j . The unknown effectiveness factors 
(i.e. n . , j. = A, B and D) may be eliminated fromJ s
equation (2.24) using the following equations which 
describe component mass balances over the stagnant 
film surrounding the catalyst pellet:
3 km. ^
(^Af ” ^As^  ̂ ^As ^3^ ^As "  ̂ ^Bs ^2 ^Bs (2.25)
3 km
  (Cgf - Cgg) = {c k% + (l-c)k^ + E(l-c)ky}
^s
^Bs ^Bs ’  ̂ ^As ^1 ^As “
^Ds ^5 ^Ds (2.26)
3 km
(Cpf -  Cgg) = - ( l - e ) r i g g  *̂ Bs ^6 *
Rs
(l-e)kp rijjs Cjjg (2.27)
3 km
~Z (^Tf " Cps) " -E(l-E)n%s ky Cgg -E Dj33 k^ (2.28)
*s
Equation (2.24) therefore becomes: 
km _
^s " Tf * (C^£ - C^^) +
(ui + ^2 + a^) (Cpp - ^Bs ̂Df ” ^Ds^
+ (a^ + «2 ^3 a^)(Cpp “ Cp^)] (2.29)
Where
(“AH, ̂ ) k + (-AHf ) k_ 




_  (k̂  + k̂ ) {e C1“e) C“AHy) ky + k̂  -eC”AHp2)k2)
G ^3 . (2.31)
k (k̂  + k ){(l-e)C-AH,,) k, -e(-AH,) k,} 
a = -L i 2--------   12-2------- 2--- 2_ (2.32)
 ̂ ^2 ^3 %6
k
a, = ---±---  (2.33)
h  + ^3
e(l-e) k (k., + k ) + e k. k_
a, = ---- :---- ---- ----- ----------— ^ (2.34)
e(l-e) ky (k^ + k^)
Clearly, in order to determine in equation (2.29), 
knowledge of surface concentrations C^^, Cg^, and
Cp^ is required. However, these concentrations can 
only be obtained from the solution of the original mass 
balance equations (2 .1 -2 .4) which, in turn, requires 
knowledge of the uniform pellet temperature since the 
latter is implicit in the rate constants k^ (i = 1 , 2 ....
7). This problem therefore suggests the use of an 
iterative method whereby an estimate of T^ (this is 
usually equal to the fluid temperature Tp) is made in 
order to enable solution of the mass balance equations, 
hence providing numerical values of surface concentra­
tions. The latter may then be substituted in the 
right hand side of equation (2.29), along with the rate 
constants k^, in order to obtain an improved value of 
Tg. This iterative process is continued until the value 
of Tg satisfies the heat balance equation (2,29).
Having discussed the interdependence of the
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algebraic heat balance equation and the differential 
mass balance equations, attention will now be directed 
to the numerical solution of the latter equations (viz. 
2 .1 -2 .4). While analytical treatment of these linear 
second order ordinary differential equations is, in 
principle, possible, it is advisable to seek a numerical 
solution, however, since the former method is extremely 
tedious due to the large number of components involved.
Expanding the derivative terms in equations (2.1)- 
(2.4) and substituting the new variables fj (= Cj.R; 
j = A, B, D and F), these equations become:
d2‘ f
— 4  - e(02  ̂ 02) £a   ̂ e 02 £b = 0 (2.35)
a K
d2 £
 ^ + e 9^ f^ - {e 02 + (1 -e) 0  ̂ + e(l-c) 0 y}*
fg + (1-c) fp = 0  (2.36)
d R
I + (l-e) 64 fg - (e 6‘ + (1-e) 0 p  fg = 0 (2.37)
d R
^ + e(l-e) 8y £g + e. 6^ £p •= 0 (2.38)
2 k£Where ef = —  , i = 1, 2 __  7 (2.39)
Similar transformation of the boundary conditions (2.7) 
and (2 .8 ) yields:








= A, B, D and F
Equations (2.35)-(2.38) may be rewritten using the 
following general matrix notation:
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at R = Rg (2.41)
= A , f 



























If the general solution of equations (2,42) has the form;
£ = j £. (a^e R . a' e -*^i R), (2.43)
i — 1
where represents the eigen-vector associated with 
eigen-value of the matrix A, then substitution of 
equation (2.43) in equation (2.42) will yield the 
following characteristic matrix whose determinant may be 
used to find all eigen-values (or latent roots) and 
eigen-vectors of the system:
(A - X.I); = 0
where I_ is the identity (or unity) matrix of the same
order as A (viz. 4 x 4 ) .  It is clear from application
of boundary condition (2.40) that, in equation (2.43),
> •a^ = -a^. An efficient numerical algorithm is used 
to solve the system of equations (2.42). This essen­
tially reduces matrix A to upper Hessenberg form‘d ̂ by 
using real stabilised elementary similarity transforma­
tions with double length accumulation of inner products. 
The eigen-values and eigen-vectors of the Hessenberg 
matrix are calculated using the QR a l g o r i t h m . T h e  
eigen-vectors of the Hessenberg matrix are subsequently 
multiplied by the transformation matrix to give the 
eigen-vectors of the original matrix A. A discussion 
of these numerical methods** ̂ will not be given here 
since this is beyond the scope of this thesis.
The general solution (viz. equation 2.43) for
component j (j = A, B, D and F) may now be written more
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explicitly as follows:
£. = I Ç. i (e’̂ i  ^ - e*^i %).&, (2.44)
J i = l  J'  1
Substitution of the boundary condition at the pellet 
surface (i.e. equation 2.41) in equation (2.44) will 
yield the following system of simultaneous algebraic 
equations which can subsequently be solved for the 
unknown constants a^ (i, = 1, 2, 3 and 4):
; y  J . / r ,  . R . . , . i â î l ü , .
i=l I 1 Rg  ̂ Rg
e-'^i Rsl . a. =
2 jf (2.45)
where j = 1 , 2, 3 and 4, corresponding to components 
A, B, D and F respectively. The four algebraic equa­
tions described by (2.45) may be conveniently solved 
using a direct numerical technique such as Gaussian 
elimination**^ with complete pivoting. This technique 
involves column-wise scanning of the coefficients of 
each variable in order to locate pivotal elements (i.e. 
coefficients with largest magnitudes) which are subse­
quently used to eliminate the coefficients of each 
variable from the remaining equations. Having carried 
out this pivotal condensation for all the variables, 
the matrix of coefficients will have been reduced to an 
upper triangular matrix from which the unknown variables 
(viz. a^; i = 1, 2, 3 and 4) are evaluated by a process 
of back-substitution, with the solution gradually repla­
cing the elements of the right hand side vector, hence
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minimizing storage requirement. At the end of the 
computation, the matrix of coefficients becomes a 
unity matrix which means that the process of elimina- 
\ tion is essentially equivalent to matrix inversion.
This is demonstrated by the following argument:
If A X = b, then by multiplying both sides of this
equation with the inverse matrix A ^ , the following
equation is obtained: A  ̂A x = A ^ b. Since A~^.A = J_,
■ -1the identity matrix,then ^.x = A .b which is equivalent 
to the solution obtained by Gaussian elimination.
Clearly, the advantage of complete pivoting is to 
minimize the build up of round-off errors in the 
elimination process. Otherwise, gross inaccuracies 
could accumulate when dividing large numbers by rela­
tively small numbers. Furthermore, it was found that 
in order to obtain a reliable solution of equation 
(2.35) through (2.38), use of double precision arith­
metic was necessary on an ICL 4-50 computer, whereas 
single precision arithmetic was suitable in the case of 
the CDC-6600 computer used due to the latter’s rela­
tively higher computational accuracy. This is in 
agreement with the conclusions of the fully distributed 
parameter model of the compounded pellet (Section 2.2.1). 
It is finally worth pointing out that, while a reasonably 
accurate solution of the fully distributed model required 
more than 1 minute of central processor time, solution 
of the lumped parameter model, on the other hand, was 
achieved in a mere 1 second. This clearly manifests 
the great saving in computational effort brought about
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by using the lumped parameter model of the catalyst 
pellet within a general reactor model.
Evaluation of Mass and Heat Transfer Rates
The actual rate of material transfer of a given 
component j , expressed in terms of kg moles per unit 
reactor volume per unit time, is given by Mj in the 
following equation, obtained from boundary condition
( 2 . 8) :
3(l-e) D. 6C.
Mj = ----------  . C-— Î-)r (2.46)
R 6R ss
Where e is the reactor void fraction.
Since the general solution of pellet equations (i.e.
equation 2.44) is expressed in terms of the new
variable fj = Cj R, then:
6C. 1 6 f. 1
(-- )^ = - • ( )̂ĵ * “ ” 2 * ^is (2.4 7)
6 R "s Rg Ô R s Rg
Substitution of equation (2.47) in equation (2.44) and 
subsequently using equation (2.46), the mass transfer 
rate for component j therefore becomes:
3(]-e) 4 /Y n
Mj = ----- ^  • I i a.{(/X. R +
R^ i=l 1  ̂ ^s
(/I. R,+ l)e"/^i ’̂s) (2.48)r b
Where j = 1, 2, 3 or 4 corresponding to components A, B,
D or F respectively.
On the other hand, the heat transfer rate H, based 
on reactor volume, may similarly be deduced from boundary
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condition (2 .8) as follows:
3(l-e) h
H = --------  . (T. - T ) (2.49)
As indicated before, represents the uniform composite 
pellet temperature which is determined by iterative 
solution of the heat balance equation (2.29).
Equations (2.48) and (2.49), representing actual 
rates of transfer of mass and heat into (or out of) the 
composite catalyst pellet, based on reactor volume, may 
be substituted directly into the equations describing 
fluid mass and heat transfer over a differential reactor 
element. The latter (reactor) equations will appear in 
Chapters 3, 4 and 5. .
Brief Steady State Stability Analysis
It is e v i d e n t ^ ® t h a t  catalyst pellets supporting 
exothermic reactions, with substantial interphase heat 
transfer resistance, could exhibit the phenomenon of 
multiplicity. For a given set of fluid conditions, the 
catalyst pellet may exist in as many as three (or, in 
certain cases, five) different steady states, dictated 
by different uniform pellet temperatures obtained from 
solution of the heat balance equation. The existence 
of these states, however, will depend on the magnitude 
of the Sherwood Number (N^^), which governs mass trans­
fer across the stagnant fluid film exterior to the 
pellet surface, and the exothermicjty factor B, defined 
below, which is a dimensionless quantity providing a
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measure of the heat released due to chemical reaction,
0»5 (-AH),CAr•D-•R
B = ----------- — — -— S. (2.50)
R .h.AE
The object of this analysis is to investigate, 
numerically, the possibility of existence of such 
regions of non-uniqueness in the case of a bifunctional 
compounded catalyst pellet supporting the overall endo­
thermie reforming reactions described in Figure 1, If 
multiple solutions of the heat balance equation (2.29) 
do exist (i.e. if, for a given value of the fluid tempera­
ture T^, there are more than one value of the pellet 
temperature T^ satisfying equation 2.29), only one of 
these solutions will be obtained by iterating T^ for a 
given.value of T^. However, if the process is reversed 
by directly solving equation (2.29) for T^, given the 
pellet temperature T^, then the resulting curve of T^ 
vs. T^ will illustrate the existence of multiple solu­
tions. This is explained by the fact that even if mul­
tiple steady states did exist,' there would still be only 
one value of T^ satisfying the heat balance equation for 
each value of T^. Clearly, the surface concentrations 
of components A, B, D and F are obtained by direct 
solution of the mass balance equations (2.35) through 
(2.38) using the numerical algorithms already•described.
For a modified Sherwood Number of 400 and an 
'endothermicity’ factor of -0,000228, Figure 9 shows 
that solution of the heat balance equation is unique for 
a wide range of fluid temperatures (T^ - 376 - 14 23°K).
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The interesting feature of this curve is that at the 
lower range of fluid temperatures (376°K - 720°K), the 
catalyst particle exists at a slightly higher tempera­
ture than that of the surrounding fluid (i.e. particle 
slightly exothermic) which means that heat is actually 
transferred from pellet to fluid. This may be explained 
by the fact that at low temperatures the only prevailing 
reaction is the irreversible exothermic cracking reac­
tion (A E, Fig.l). Further examination of Figure 9 
shows, however, that this effect is only minimal since 
the rate of reaction is very small for this range of 
temperatures. On the other hand, the flat portion of 
the curve in Figure 9 illustrates the increasing impor­
tance of endothermie reactions which become predominant 
for fluid and pellet temperatures in excess of 720°K.
The high overall pellet endothermicity in this case 
results in a large temperature difference between the 
fluid and the catalyst pellet since a large driving 
force is required in order to supply the pellet with 
sufficient heat to sustain chemical reaction.
While this analysis is valuable in the case of 
relatively simple reactions^®®® whose important fea­
tures may be described in terms of a single exothermicity 
(or endothermicity) factor which signifies heat transfer 
and chemical reaction by reference to the main reacting 
component, its use is limited in the case of complex 
reaction systems since fluid concentrations of more than 
one component must be provided in order to solve the 







Figure 9 Effect of the fluid temperature on the 
uniform temperature of a composite 
pellet (eqn,2,29)
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concentrations sometimes resulted in failure of the 
numerical solution, in the case of reforming reactions, 
since the physical system could become ill-conditioned. 
Clearly, this is due to the fact that, in the case of 
complex reaction systems, the conditions of a particular 
fluid element are constrained by the rates of chemical 
reaction of various components within the pellet and the 
history of the fluid element in the reactor. This pro­
blem does not arise,* however, in the case of simple 
reactions where only the' fluid concentration of the 
important (key) component has to be specified. A wide 
range of concentrations of this component may therefore 
be studied without upsetting the balance of the physical 
system due to absence of interaction with other compo­
nents. The main conclusion emanating from this observa­
tion, therefore, is that information relating to steady 
state behaviour of complex reaction systems is best 
obtained from a study of the reactor as a whole. In 
this way, the steady state performance of the reactor 
may be determined for a wide range of operating condi­
tions. Important information may also be obtained by 
observing the dynamic response of the reactor to pertur­
bation of inlet conditions. Such studies appear in 
Chapters 3, A and 5.
2.3 MODELLING OF DISCRETE PELLET MIXTURES
As indicated in Chapter 1, reforming of methyl 
cyclo-pentane could be carried out over a bifunctional
catalyst prepared from a random physical mixture of two
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types of active catalyst pellets X and Y, where X might 
represent platinum dispersed within inert porous carbon 
on silica particles whereas Y refers to fluorinated 
silica-alumina particles. The reaction scheme depicted 
in Figure 10 has been postulated by Jenkins and Thomas* 
as a result of experimental kinetic studies carried out 
using such bifunctional catalyst preparation.
Y k
— ^  F
V
Figure 10» Kinetic model forad'isorete mixture of catalyst 
pellets.
It is clear from a comparison of Figures 1 and 10 
that there are marked differences between the reaction 
schemes proposed for compounded and separate bifunctional 
pellets. While components A, B, D and F have the same
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meaning in both cases, component C in Figure 10, on the 
other hand, represents methyl cyclo-pentadiené which was 
not formed in any significant quantities over composite 
pellets. Furthermore, the cracking reaction step A ^ E 
and the step B F in Figure 1 do not appear in Figure 
10, whereas the irreversible hydrogenation steps C B 
and B A occurring over catalyst species of type Y in 
the case of separate pellets have not been detected over 
composite pellets. In the absence of further evidence, 
these discrepancies can but be attributed to the coopera­
tive effect between the two types of catalyst sites, 
when present within the same particle, which is not 
experienced in the case of a discrete pellet mixture. 
Besides, component C (i.e. methyl cyclo-pentadiene) is 
an intermediate in the overall reforming process. The 
kinetic data used to model separate pellets is given in 
Table 3, whereas the necessary physical data is identical 
to that used for composite pellets(Table 2). The same 
terminology for the kinetic parameters (viz. k^, Â ,̂ 
and AHUj) will be used throughout.
In spite of the feasibility of the assumption of 
pellet isothermality in the many cases already investi­
gated, ̂ ®  ̂̂ including the study of composite pellets 
given in Section 2.2, it is wise before generalizing 
this assumption to the case of discrete pellets, however, 
to demonstrate its applicability using a relatively 
simple analysis involving estimation and comparison of 
the rates of heat absorption (or release) during
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chemical reaction. Such an analysis is desirable when 
considered in the light of the complexity and high com­
putational effort involved in solving a fully distributed 
model for both types of pellets (viz. X and Y).
Assuming a catalyst effectiveness factor rij of 1.0 and 
using a bifunctional catalyst composition e of 0.5 and 
equal component surface concentrations of 0.005 kg.mole 
/ m^, the rate of heat absorption by type X pellets was 
found to be 7963.29 kJ/m^.sec at a temperature of 770°K. 
On the other hand, the rate of heat release due to the 
overall exothermic reactions on type Y pellets was
3
estimated at 4793.89 kJ/m .sec. In comparison, the 
rate with which heat was absorbed due to the overall 
endothermie reaction in composite pellets, under the
3 •
same conditions, was found to be 3889.54 kJ/m .sec. 
Clearly, the heats of reaction estimated in the case of 
separate pellets (X and Y) are of the same order of 
magnitude as the heat of reaction absorbed by a composite 
pellet under the same conditions. It is reasonable to 
conclude, therefore, that the assumption of pellet 
isothermality, already justified in the case of composite 
pellets (Section 2.2), may safely be generalized to the 
case of discrete pellets X and Y, This conclusion is 
further enforced by the feasibility of this assumption 
even in the case of highly exothermic reactions.
In modelling discrete bifunctional pellet mixtures, 
each type of catalyst pellet (viz. X or Y) will be con­
sidered separately since there are no chemical interac­
tions between the two different types of pellets.
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Table 3, Kinetic Data for Separate Pellets (Fig»10)
Parameter Symbol Magnitude SI Units
Arrhenius Factor 1.067 X 1 0 ^
It 2.39 X 1 0 ^
It
^3 1.130 X 1 0 ^
It 2.34 X 1 0 ^
II
As 4.830 X 1 0 ^
II
As 1.3900 X 1 0 ^
II
A? ' 9.310 X 1 0 ^
II
Ag 1.7450 X 1 0 ^
II
Ag 4.4900 X lo"̂
II
AlO 2.270 X 1 0 ^
Activation Energy 5.2490 X 1 0 ^
II AE^ 4.1868 X 1 0 ^
II AE3 4.4799 X 1 0 ^
II AE4 3.7011 X 1 0 ^
ft A E  g 4.0612 X 1 0 ^
II AEg 5.1498 X lo"̂
II AEy 4.0612 X lo"̂
II AEg • 5.1653 X 1 0 ^
II A E q 5.6940 X lo"̂
II ^ ^ 1 0 7.1908 X 1 0 ^
Heat of Reaction ^'"^12 1.05842 X 1 0 ^
II
AH34 6.2802 X 1 0 ^
If
AH56 4.689 X 1 0 ^
II A H y  . 9.5417 X 1 0 ^
II AHg -1.05842 X 1 0 ^
II A H g -6.2802 X 1 0 ^
II





However, these pellets will obviously exist within the 
same fluid environment and will therefore be subject to 
similar fluid conditions. The catalyst composition e, 
defined as the volumetric ratio of type-X particles to 
the total volume of catalyst (viz. X and Y), will clearly 
not appear in/the reaction rate terms of the differential 
mass balance equations for each type of catalyst species. 
It will, however, appear in the expressions for total 
rates of transfer of mass and heat which are equal to 
the algebraic sums of the individual transfer rates 
within both particles, evaluated from a solution of the 
mass and heat balance equations, multiplied by the 
appropriate term for the catalyst volumetric fractions 
(e and (1-e)). Particles X and Y will also be assumed 
to have identical radii . The individual mathematical 
treatments of these particles are presented in Section
2.3.1 and 2.3.2.
2.3.1 Lumped Parameter Model for Type X Pellets
With reference to the reaction scheme given in 
Figure 1 0 , the component differential mass balance 
equations for type X pellets are;
De 6 2 *5C.
-4 —  (R - A  - k C. + k, C_ = 0 (2.51)R^ 6R 6.R 1 A z 15
Dq 6 2
—  ( R  ) + R-| C . - (k_ + k.) + k, Cp = 0 (2.52)R^ 6R 6R  ̂ 2 3 B 4 L
De a , 6Cp
— J —  (R ----) + k̂ . Cg “ k. Cp = 0 (2.53)
R ^  Ô R  ÔR  ̂  ̂ ^
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Dg a 2_  (r 2 _ M )  - k Cjj = 0 (2.54)
R“̂ 6R 6R / “
Dg 6 2 6C
- 7  —  (R — ) + k? C_ = 0 (2.55)
R ^  6 R  6 R  ' "
The flux boundary conditions are;
ac.
— = 0; j = A, B, C, D and F at R = 0 (2.56)
aR
5Cj
aRDg (Cjf - Cj); i = A, B, C, D and F
at R = Rg (2.57)
Solution of Equations (2. Sl)-(2» 55)
Due to the assumption of uniform pellet temperature, 
these simultaneous linear second order ordinary differen­
tial equations may be solved analytically.^* The solu­
tions, obtained by standard methods, are:
sinh p.R sinh P2 R
+ 2 ay.---------  + 2 ag.--------- (2.58)
0 , 2 (0 ? - p?)a_ sinh p^R
2 2  ■2 (0, - Pn)ajj sinh P..R
+       . ------ —  (2.59)e| R
0^0g 2 sinh P,R
Cp — ( ) a^ + 2 a,̂  7 a^ a., p.













Where 0. = / —  *, i = 1, 2, 3, 4 or 7
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(2.64)
a ^23 " “l4 °̂ 23 ” “l7 °̂ 2420 a25
a (^15 0̂ 23 ^18 “24^21 a25
a C^16 °̂ 23 °̂ 19 ^24^22 a25
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N
And a Sh23 
“24
. R.
NSh2 Rg cosh Pi + 2 (— —  -1) sinh p^ R^
N





2(0? - P?) ■ N,
a27 r  %s ccsh P^ R, + ( ^  -1)
sinh p^ Rg}
2(8? - P?) N







“ 30 = 2 Og {p^ Rg cosh Pi Rg + C 1) sinh p^ R^>
NSh
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While equations (2.58) through (2.62) may be used 
to evaluate the concentrations of components A, B, Ç, D 
and F at any radial position within.type X pellets, it 
must be noted that these closed-form expressions are 
functions of the unknown uniform pellet temperature 
implicit in the rate constants k^Ci = 1, 2, 3, 4 or 7) 
as defined by equation (2.6). However, this temperature 
may be found from an iterative numerical solution of an 
algebraic heat balance equation over catalyst X.
Heat Balance Over Type X Pellets
The heat balance for particles of type X may be
written in terms of component surface concentrations C.
J ̂
and their effectiveness factors q. (j = A, B, C, D or F) 
as follows:
3h
—  (T£ - T^) = -{(-AH^2)(nAs " ^Bs ^2 ^Bs^
s ' ■ , .
C-AH24)Cnj5 kj Cgg - k4 C^g) +
(-AH,) ngg k^ Cjjg} (2.66)
The effectiveness factors q . may be eliminated fromJ s
equation (2.66) by substituting the following component 
mass balances over the stagnant fluid film surrounding 
the pellet :,




„ (Cgf ■ Cgg) = Igs (^2 + kj) Cgg- k^ C^g 
s
” ^Cs ^4 (2.68)
4  (C c f  -  Ces) = "es  k4 C^g -  ngg k ,  Cgg ( 2 . 6 9 )
S
(Cd £ - &Dg) rijjg ky (2.70)
"s
Algebraic manipulation of the above equations will yield 
the following expression for the uniform temperature 
within catalyst X:
Tx = Tf + {(-AHl2)(CAf " Cas) " C-6H3 4 ) ( C „  - C^g)
+ (-AH.p(Cjj£ - Cjjg)} (2.71)
Furthermore, the unknown surface concentrations 
and may be obtained by substituting R = in the 
general solution of the mass balance equations. There­
fore, equations (2.58), (2.60) and (2.61) become:
^As " “ 34 ' ^Af “ 35 * ^Bf “36 • ^Cf (2.72)
^Cs " “ 37 ^Af “38 * ^Bf “ 39 • ^Cf (2.73)
^Ds " “ 40 ‘ ^Df (2.74)
Where




2 a.Q sinh P-.R 2 sinh P-R
“35 = “15 + — ^ ------ —  + — --------—R. R
2 a,Q sinh P,R 2 sinh p-R
“36 = “16 + — ------- —  + — --------—R. R
GU 8 - ? 2 an a. J sinh p.R^
“ 37 = C t M )  • “14 +  —  +
®2 ®4 R
2 “ 10 “ 20 sinh P2^
R.
. 8 . 8 _ 7 2 an a. p sinh P^R^
“38 = - “15 + — ---------—  +
®2 ®4 R C2.75)
2 a^Q «21 sinh Pz^s
R
® 1 ® 3 2
“ 39 " * “I6
®2 ®4
2 aq a^g sinh p ̂ R^
R
 ̂ ^ 1 0 “ 22 ^2^s
R
a40
2 a^2 sinh ByR^ 
R
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Pl> p 2 > (i = 1, 2, 3, 4 or 7) and ag through
“ll defined in (2.63), whereas a^^ to 0.22 inclusive 
are defined in (2.64). Substitution of equations 
(2.72), (2.73) and (2.74) in the heat balance equation 
(viz. 2,71) will yield the following expression for the 
uniform pellet temperature in terms of fluid condi­
tions:
"  ^f * “41 * ^Af “42 * ^Bf  ̂“43 • ^Cf “44 ^Df (2.76)




{«jgC-AHiz) + Cl- OjgDC-AHj^)}
a44 ^ “4 0 ^ ("AHy)
(2.77)
a^^ to a^Q inclusive are defined in (2.75).
It must be remembered that the coefficients a^^ to a^^ 
inclusive (in equation 2.76) are exponential functions 
of the unknown uniform pellet temperature which must 
therefore be evaluated by an iterative procedure.
Having obtained the closed-form expression for (viz. 
equation 2.76), the problem of evaluating the latter is 
now well suited for computer application.
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Numerical solution is therefore achieved by first 
providing an initial estimate of (usually equal to 
the fluid temperature T^). Substitution of this esti­
mate in the right hand side of equation . (2.76) will 
enable evaluation of an improved value of (i.e. the 
left hand side of equation 2.76). This new value of T^ 
is substituted back in the right hand side and the 
iterative process is continued until the value of T^ 
becomes constant, which means that the heat balance is 
satisfied. The converged solution of T^ may now be 
used to evaluate the actual rates of mass and heat 
transfer into (or out of) the catalyst pellet.
Mass and Heat Transfer Rates to Pellet X
While the uniform pellet temperature T^ may be 
evaluated from the heat balance equation (2.76) and the 
concentration profiles within the pellet from equations 
(2.58) to (2.62) inclusive, the main interest here, 
however, is to evaluate the actual rates with which 
material and energy are exchanged between the catalyst 
pellet and its surrounding fluid. This is because 
this thesis actually aims at studying the general per­
formance of a reactor containing a discrete mixture of 
pellets (X and Y) and its comparison to the case of 
composite pellets, already modelled in Section 2.2.
If M. is defined as the rate of material transfer of J X
component j (j = A, B, C, D or F), expressed in terms 
of kg moles per unit volume of catalyst X per unit 
time, then:
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M. - ^ 0 - e )p_e _ (2.78)
R fiR "s,x ̂ '
ÔC.
Where (— ^)p represents the concentration gradient’
6R s ,x
of component j at the surface of a type X pellet.
This may be determined by differentiating the general 
solutions for component concentrations within pellet X 
(viz. equations 2.58 to 2.62) and then making the sub­
stitution R = Rg. After some algebraic manipulation, 
substitution of the concentration gradients in equation
(2.78) will yield the following expressions for mass 
transfer rates to particle X:
3(l-e)D( 
RM^X ^ • (“45 ^Af “46 ^Bf “47 ^Cf^ (2.79)s i
3 (l-e)De
Mgy = - • (“48 * “ 49 *"Bf * “so ^Cf) (2.80)
s
3(l-e)De
^CX " ~ • ̂ “51 ^Af “52 ^Bf “53 ^Cf) (2.81)
s
3(l-e)D
^DX Z • “ 54 ^Df (2.82)
s
3(l-e)D
^FX ~ • “55 ^Df (2.83)
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Where ^2 “̂l7 “S6 “2 0 . “S7^
“46 ^2 (“ 18 “56 “ 21 “5 7)
a47 jj2 (“l9 “56 * “ 22 “5 7) 
s
2(e2-p2)
“48 ' „2 p2 • “ 17 “56 * .2 _2 ' “20 “57
®2 '̂s ®2 *5
2(6^-p^) ■
“49 ■ 2 „2 ‘ “l8 “5 6 '*
®2 s
2(e2-p2)
.2 p2 • “21 “57 
®2
a50
2(ei-Pi)  ̂ 2(e2-p2)
.2 „2 * “l9 “56 * „2 „2 '“22 “57
®2 s ®2 s
a, 2 a




2 a, 2 a10
“52 ^2 • “l8 “56 r.2 * “21 “57R' R
2 a, 2 a10
“53 T.2 • “l9 “56 * r2 “22 “57R' R'
a54






And Rg cosh R^ - sinh R^
“ 57 “ "2 cosh P2 ■ sinh «g
“S8 ~ ®7 ^s cosh 0y Rg - sinh 0y R^
(2.85)
The other parameters in equations (2.84) and (2.85) are 
defined in (2.63) and (2.64). Clearly, all the coeffi­
cients in equations (2.79) through (2.83) are implicit 
functions of the pellet temperature T^.
On the other hand, if is defined as the rate of 
heat transfer to particle X, expressed in terms of kilo 
Joules (kJ) per unit volume of catalyst X per unit time, 
then:
i*x " • CTf - T^) (2.86)
In equation (2.86), the uniform pellet temperature T^ is 
given by the heat balance (viz. equation 2.76). The 
remaining parameters have their usual significance.
Clearly, the expressions for actual rates of mass 
and heat transfer (viz. equations 2.78 and 2.86) have 
been deduced from the boundary conditions of the original 
mass and heat balance equations (viz. equations 2.57 and 
2.66). These expressions, combined with analogous 
expression; for type Y particles given in the next section, 
may be used directly in the differential reactor equa­
tions in order to determine the consequent changes in 
reactor fluid conditions.
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2.3.2 Lumped Parameter Model for Type Y Pellets
Attention is now directed towards modelling the 
second type of catalytic species existing in a discrete 
mixture of bifunctional pellets, namely type Y pellets. 
Due to the irreversible exothermic hydrogenation reac­
tions C B and B ->• A occurring over catalyst Y 
(Figure 10), this type of catalyst pellets exist at a 
slightly higher temperature T^ - assumed uniform 
throughout the pellet - than that of the surrounding 
fluid T^. Bearing in mind the assumptions pointed out 
in Section 1.2.4 and the analogy to the treatment of 
type X pellets, the differential mass balance equations 
are (see Fig.10):
Dp  ̂ 2 ^^A. _  ( R \ — + k Cg = 0 (2.87)
R^ 6R 6R *
Dp 6 , acg
?  '  ̂ - ('"S ' kg) Cg + kg Cc + kg Cg = 0 (2.88)
D. 6 _ 6C-
— ? . —  (R --- ) - kq Cp = 0 (2.89)
R^ ÔR ÔR ^ ^
D^ 6 , ac- .
_e . __ (%2 __U) + k C - (kg 4- k ) C„ = 0 (2.90)
r Z gR  ̂ ^ 0 iU u
D 6 , 6Cp
• —  (R ---) + kiQ Cg = 0 (2.91)
R^ 6R 6R ^
subject to the following boundary conditions:
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6C_.
— "L = 0; j = A, B; C, D and F at R = 0 (2.92)
6R
6C.
D — ^ = k (C.. - C.); j = A, B, C, D and F 
® 6R ® Jt J
at R = Rg (2.93)
Solution of Equations C2,87)-C2,91)
Being of similar nature to equations (2.51) to 
(2.55) inclusive, equations (2.87) through (2.91) may 
be solved analytically by standard methods. The general 
solutions are found to be:
sinh sinh
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sinh GqR
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94
(2.99)
a 2 ®10 “67.71
a 2 ®10 “6872
a ®10 “69 ^C£
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“69 ®8 (®6 ®10 “ ®9^ *
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(0g Rg cosh 8g Rg + ( f  -1) sinh 09
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“91 " 2 {0  ̂ Rg cosh 0  ̂ Rg + (-|--- 1 ) sinh 0  ̂ R^}
Nqh
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It is worth noting that all the parameters in equations 
(2.94) to (2.98) inclusive (defined in (2.99), (2.100) and
(2.101) are implicit functions of the unknown uniform 
pellet temperature T^. This temperature may be deter­
mined from an algebraic heat balance over pellet Y.
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Heat Balance Over Type I Pellets
With reference to the kinetic scheme given in 
Figure 10, the heat balance over type Y pellets may be 
written as follows:
^  (Tf - Ty) = - {(-AHg) ng3 kg + C-AHg) nc3-
^9 ^Cs (“^^56^ (’̂Bs ^5 ^Bs " ^Ds'
^6 ^Ds^ k^Q Cĵ g} (2.102)
The material balances over the fluid film exterior to 
pellet Y are:
3 k
"T (Cgf “ - Rgs (^5 ^8^ ^Bs “ ^Cs ^9 ^Cs
s
^s
^Ds ^6 ^Ds (2.103)
(^cf " C^g) ri(2s ^9 ^cs (2.104)
C^Df " “ Hgg kg Cgg + rij)g (k^ + k^Q)
s
% s  (2.105)
Substituting equations (2.103), (2.104) and (2.105) into
equation (?.102) and remembering that AHg = -AH^^,
AHg = -AH^2 and AH^q = AHy, the surface based component
effectiveness factors r\- are eliminated from equationJ s
(2.102) giving:
Ty = Tf + (01 (Cb £ - Cgg) + ^2 (^C£ ‘ +
^3 (^Df ” Cgg)} (2.106)
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Where 3^ = [CAH^2H k ^  kg + kg k^^) + {(-AHg^)
(-AH^)) kg kioj/B,
0% [(*^1 2  ̂ ^8 * (^8 ^ICp * 04 (AH3 4 )
{(-AHgg) + (-AHy)} kg k^o]/ 84
k k




^6 ^8  ̂ ^5 ^10 ^8 ^10
^5 ^6 ^10 ^6 ^8 ^10 ^5 ^10 ^8 ^10
^6 ^8 ^5 ^6 ^10 * 2 k^ kg k^^ + kg k^^ +
k k ^8 ^10
(2.108)
The rate constants k^ (i = 5, 6, 8, 9 and 10) are, of 
course, exponential functions of the uniform pellet 
temperature T^ (see equation 2.6). The surface concen­
trations Cgg, C^g and may be obtained by substituting 
R = Rg in equations (2.95) through (2.97). Therefore:
Bs Cf ^8 D:
*"05 09 ■ *"C£
(2.109)
(2 . 110)
S s  010 • 0'Bf * 011 • *"C£  ̂ 012 • *"D£ (2 . 111)
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2(06 + 010 -  ^ 2)
0 :
( 0^  + - 09 )
0^
(2.113)
The remaining parameters (viz. 0^, 0.̂ , 0̂ ,̂ a^g and
“ 79 ”“84^ are defined in (2.99.) and (2.100).
Substitution of equations (2.109) through (2.111) 
in the heat balance (viz. equation 2.106) will eliminate 
the surface concentrations of components B, C and D and 
yield the following expression for T^ in terms of fluid 
concentrations :
Ty - Tf + ^16 • ^B£  ̂ ^17 * ^C£ ^18 ‘ ^Df
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(2.114)
Where 3 - -f {6^C1-B6)-B3 B^q}16
17  ̂ (32 Cl“3g)-33_ 3y - 3g 3̂ _̂}
3 h {3 3 (1 -3 2 2)- Bg}18
(2.115)
and 3^ through 3^g are defined in (2.107), (2.108),
(2.112) and (2.113). The uniform temperature T my
now be evaluated by iteration as for the case of T
(equation 2.76).
Mass and Heat Transfer Rates to Pellet Y
The mass transfer rate of component j per unit 







By analogy to the method of treatment of particle X, the 
individual mass transfer rates are found to be:
MAY
3(l-e)D
R, ’ (019 *"B£ * 020 *"C£ 021 *"D£̂  (2.117)
3(l-e)D
M„„ = - • (022 ^B£ * 023 ^C£ * 024 S £ ^BY R
3(l-e)D 





^DY  ̂ I • (^26 ^B£ ^27 ^Cf ^28 ^Df) (2.120)R.
MFY
3(l-e)D,
R. • (^29 ^Bf ’* B30 ^Cf *' ^31 ^Df} (2.121)
08 ,2Where G^g - - (̂  ^ ) . («yg 3^3 832 + 3^^ G3 3 )
B20 ” ^0 R  ̂ *• (“80 ^13 ^32 “83 ^14 ^3 3 )"
0 ft ?C— ct,o B.r B
09*5
69 "15 "34
8 s2 3-1/1 3%?)021 "(j % ) • (“81 013 032 ■ "84 "14 "33
1 s
^22 " ĵ2 * (“79 B%3 B32 + ^82 ^14 B3 3) 
s
^23 ^2 * (“go ^13 ^32 “g3 ^14 ^33 “69 ^15 ^3 4)
^24 " p2 * (“81 ^13 B32 ■*■ “g4 Bi4 ^3 3 )
_ “66 ^34 
'25 - —
026 ' ĵ2 (“ 79 032 * “82 0 3 3 )






2 (“81 ^32 “84 ^3 3 }
 ̂ ®10 ,“ 79 ^32 . “82 G33 — —̂  C 9—  + -- 9— J
R' 0:
'30
^ ®10 ,“80 G32  ̂ “83 ^33  ̂ “69 ^34. C------?—  + -2—  + ---- 9— )
R' 0 : 0 2 6
31
^ ®10 /“81 B32 , “84 6 3 3  ̂
L 7-- ■*■----- 7 JR' fi
(2.122)
and Bj2 “ Rg cosh Rg - sinh R^ )
033 ° î 2 "̂5 c°sh *s - sinh «*2
034 ° 09 'is cosh 6 g Rg - sinh 0g R^
(2.123)
The remaining parameters may be obtained from (2.99),
(2.100) and (2.113). Clearly, all these parameters 
are dependent on the value of the constant pellet tem­
perature Ty..
The heat transfer rate per unit volume of catalyst 
Y (viz. Hy), on the other hand, may be evaluated directly 
from solution of the heat balance (viz. equation 2.114). 
It is given by:
Hy = . (Tf - Ty) (2.124)
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2.3.3 Total Transfer Rates to Discrete Pellet Mixtures
Having solved the mass and heat balance equations 
and arrived at expressions describing rates of material 
and energy transport to (or from) individual catalyst 
pellets (viz, X and Y) in Sections 2.3.1 and 2.3.2, 
these expressions may now be combined in order to deter­
mine the overall transfer rates based on reactor volume. 
Therefore, if is defined as the total rate of material 
transfer of component j per unit reactor volume, then:
Mj = G . + (1-e) . Mjy ; j = A, B, C, D or F (2.125)
where Mj^ and are the individual mass transfer rates
to pellets X and Y, as defined by equations (2.78) and
(2.116) respectively. Equation (2.125) may be written
more explicitly, by substituting the expressions for
M. and M. , as follows:J X J y ■
3(l-e)D 6C. (SC.
M; = --------  . {e C— ^)n + (1-e) (2.126)
 ̂ R 6R "s.x 6R *S,y
Similarly, the total rate of heat transfer per 
unit reactor volume H is given by:
H = e . H^ + (1-c) . H^ (2.127)y
where H and H are defined in equations (2.86) and X y
(2,124) respectively. Equation (2.127) may also be 
rewritten in the following explicit form:
H = . {T^ - e - (1-E) Ty} (2.128)
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Clearly, the values of Mj and H in equations
(2.126) and (2.128) are governed by the temperature and 
composition of reactor fluid (viz. T^ and Cj^). Conse­
quently, these equations may only be used to obtain 
point-values of the rates of mass and heat transfer due 
to chemical reaction since fluid conditions (i.e. the 
concentrations in an isothermal reactor and both the 
concentrations and temperature in. an adiabatic or a 
non-adiabatic non-isofhermal reactor) are spatially 
distributed. However, these rates, evaluated at a 
particular point within the reactor, may be assumed 
constant over a finite reactor element without causing 
significant inaccuracies in the numerical solution of 
reactor fluid equations, provided the following condi­
tions . are met : ;
1. high accuracy of the numerical method 
(e.g. the Runge-Kutta-Merson’s integration 
algorithm),
2. small integration step size,
3. absence Of steep temperature and con­
centration gradients along the reactor.
In Section 2.3.4, the individual particle heat 
balances (viz. equations 2.76 and 2.114) will be 
employed in a steady state stability analysis.for types 
X and Y pellets respectively. In both cases, solution 
of the heat balance will be carried out for a wide 
range of fluid temperatures and repeated for a number 
of fluid compositions such that, if a region of multiple
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steady states existed, particularly in the case of the 
exothermic pellet Y, it may be identified and avoided 
in practice. A similar study will also be carried out 
in the case of a simple chemical reaction (A B) in 
order to draw analogy to the case of the complex refor­
ming reactions illustrated in Figure 10.
2.3.4 Steady State Stability Analysis of Separate Pellets
The object of this treatment is to explore the 
possible existence of regions of unstable behaviour in 
the case of a discrete mixture of type X and Y pellets. 
This will be accomplished by solving the heat balance 
equations (2.76) and (2.114) for a wide range of fluid 
temperatures. An attempt will then be made to verify 
and generalize the conclusions derived from this analy­
sis by reference to analytical and numerical treatments 
of the elementary heterogeneous chemical reaction A -» B 
which could represent an endothermie reaction over type 
X catalyst pellets or an exothermic reaction over type Y 
pellets. For this simple reaction scheme, therefore, 
the differential equation, describing diffusion and 
chemical reaction of component A within a porous 
spherical catalyst particle of radius , is:
Dg S &C
—  —  (R'̂  — =) - k C. = 0 (2.129)
R'̂  6R 6R ^
The flux boundary conditions are:
5C




De --4 = km (Caf " Ca) at R = R, (2.131)
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Ail the parameters in equations (2.129) through (2.131) 
have their usual significance. Bearing in mind the
assumption of pellet isothermality, equation (2.129) may
" ■ f Abe solved analytically using the substitution
Solution for concentration distribution within the pellet
therefore becomes:
Nsh- P  C.r Rg Sinh e R
C, = ----- ----- ^ M   • —  • --------   (2.132)
0 R cosh 0 R + Sh -1 R sinh 0 Rs s ^
where 0 .
The concentration profile of component A is not shown 
here since the main interest is to solve the heat balance 
equation in order to locate regions of multiple steady 
states and compare them to the case of complex reforming 
reactions studied in this thesis. For the simple reac­
tion scheme A -> B, the heat and mass balances over the 
pellet are:
(Tf - Tp) = -0AS k Cas (-AH) . (2.133)
3 km
(^Af " ^As) “ ^As k ^As (2.134)
Where T is the uniform pellet temperature and AH is P
the heat released (or absorbed) due to chemical reac­
tion. By substitution of equations (2.134) and 
(2.132) into equation (2.133), the heat balance reduces
to the following form:
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^35 • ^Af
whe kmre $25 " ("AH) . ^
0 R coth 0 -1 ________' s ____
e R coth 9 Rg + ^  -1
(2.135)
(2.136)
Clearly, the heat of reaction AH in equation (2,136) 
will be a negative quantity if A -> B is an exothermic 
reaction, and positive if the latter is an endothermie 
reaction. For these two cases, the uniform pellet 
temperature will be redefined as and respec­
tively. For the sake of argument, it is now proposed 
that both the exothermic and endothermie pellets (i.e. 
types Y and X respectively) may exist in more than one 
steady state. This hypothesis may therefore be illus­
trated in the following schematic diagram:
ÎTv
Figure 11* Sohematio Diagram of Heat Baianoe Solution 
for A B
The 45 line in Figure 11 illustrates the common case 
where no chemical reaction takes place due to extremely
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small fluid concentration of component A (viz. = 0)
Curve 1 shows clearly that in order for the multiple
solutions T ,T and T to exist, the gradient 
d T, ^2 ^3
-J— must vanish for fluid temperatures and
Similarly, if reaction quenching could occur, as illus­
trated by curve 2, then the multiple solutions and
d T ^Tj: would require the gradient x to vanish at the
endothermie pellet temperature and subsequently
become negative. In other words, the inverse gradient 
d Tf
'd~T~ should also become negative if multiple steady 
states existed with respect to catalyst X.
Attention is now focussed on the heat balance 
equation (viz. 2.135) which, when differentiated with 
respect to the pellet temperature T^, yields the 
following expression:
7 ^  = 1 - 636 G37 ^2.137)
Nghk AE 6 ~  C.f
where B , = ------- ^ -5— é -------------- (2.138)
2h R„ T (e R, coth 6 R + ^Sh -1)^ g P s S
and $27 = 8 (1-coth^ 0 R^) + coth 6 R^ (2.139)
Since is always positive, then whether or not the
d
derivative y™ in equation (2.137) will vanish depends 
P
upon the signs of (-AH) and The latter may be
simplified as follows:
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(e® + e“® *s)
3̂ -7 = 0 R { 1 ---------------- :---  } +




Algebraic manipulation of equation (2.140) yields the 
following expression:
-4 0 R + e^G Rs _ .e“2® ^s
3.7 = ------    (2.141)
(gG ^s _ e”® &s)2
2 0 R —20 R Furthermore, expansion of the terms e s - e s
in the numerator of equation (2,141) (using Maclaurin
series) gives, after simplification:
(26 Rg)3 (28 Rg)S
 ̂  ̂ 7"  ̂ Ti +...} £gj. values
6 ,, =  ^   (2.142)
(e9 Rs . e’® Rs)2 o£ 9 Rg
Equation (2.142) shows that the parameter in equa­
tion (2.137) is positive for all values of the pellet 
temperature T^, which is implicit in the exponential 
function 0 as already defined. It may be concluded,
on 1 
d T
Ytherefore, that for the simple exothermic reacti A -> B,
£where AH is a negative quantity, the derivative y
y
in equation (2.137) will vanish for values of the 
uniform pellet temperature that make the term 
(-AH) $2  ̂ $27 equal to unity. This phenomenon of
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steady state multiplicity has already received a great 
deal of a t t e n t i o n . ^ As already pointed out, the 
purpose of.this analysis is to attempt to generalize 
these well established conclusions and apply them to 
the cases of.complex reforming reactions studied in
X
this thesis. If A -> B represented an endothermie
d
reaction, however, the gradient ^ ■ in equation (2.137)
X
would always be positive and greater than unity, since
in this case AH is a positive quantity. Consequently, 
d T
the gradient will always be positive but less than
unity. In the limit (i.e. for extremely large values 
d T
of T^), J will approach zero. Clearly, therefore, 
there exists a unique solution of the heat balance equa­
tion in the case of endothermie reactions for all values 
of the fluid temperature and composition. These impor­
tant conclusions demonstrate that, while curve 1 in the 
schematic diagram of Figure 11 describes with reasonaole 
accuracy the solution of the heat balance (viz. equation
2.135) in the case of exothermic reactions, the discon­
tinuous curve 2, on the other hand, is incorrect since 
no maxima should exist in the case of endothermie reac­
tions. The behaviour in the latter case is more 
accurately represented by curve 3.
The conclusions discussed, above for the case of 
the simple reaction A -> B may now be verified by 
numerical solution of the heat balance (viz. equation
2.135). Bearing in mind the general outlines of curves
1 and 3 in Figure 11, equation (2.135) is solved directly 
for the fluid temperature T^, given a wide range of
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pellet températures T̂ , in the case of exothermic reac­
tions. On the other hand, equation (2.135) is solved 
iteratively for for a wide range of values of the 
fluid temperature when A B represents an endothermie 
reaction. As described earlier, the reason for solving 
the heat balance equation in this way is to allow for 
the existence of regions of multiple solutions. The 
data used in the numerical solution of equation (2.135) 
is given in Table 4. •
Table 4» Data Used in Solving Equation 2,126
Parameter YA B
X
A B SI Units
A 1.130 X 10^ 1.067 X 10^ -1sec
AE. 4.4799 X 10^ 5.2490 X lo'* kJ/kg mole
AH -6.2802 X 10^ 1.05842 X 10® kJ/kg mole
Rs 0.002 0.002 m
»e 4.0 X lO"? 4.0 X 10"7 m^/sec
km 0.04 0.04 m/sec
h 0.041868 0’.041868 kJ/m^.°K.sec
"g 8.319 8.319 kJ/kg.mole.
Figure 12 exhibits the family of curves obtained
from numeric al solution of equation (2.135) for a wide
range of concentrations of component A for both types
of the reaction A -> B (i.e. exothermic and endothermie).
The general shapes of these curves clearly corroborate
the conclusions derived from the foregoing analytical 







T p  °K
Figure 12 Solution of heat balance equation 
(2,'j 3S) for reaction A -> B
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States in the case of endothermie reactions, multiple 
solutions of the heat balance equation is evident in 
the case of exothermic reactions, especially for rela­
tively large values of the reactant fluid concentration 
(viz. • The discontinuous line in the case where
C^£ is equal t̂o 0.3 kg mole/m clearly does not repre­
sent any real case since the fluid temperature 
becomes negative. Nevertheless, the curves above the 
45° line illustrate the danger of temperature runaway 
when fluid conditions are such that they enhance exis­
tence of multiple steady states. The family of curves 
lying below the 45° line show that a reactor, containing 
a catalyst which supports an overall endothermie reac­
tion, is absolutely stable.
Having considered, both analytically and numerically, 
the steady state stability aspects of simple reactions of 
the form A ^ B, attention is now directed to a numerical 
treatment of the complex reforming reactions occurring 
over separate catalyst pellets of types X and Y, as des­
cribed in Figure 10. It is clear from the detailed 
treatment given in Sections 2.3.1 and 2.3.2 that the 
reactions occurring over catalyst X are entirely endo­
thermie. On the other hand, the irreversible hydroge­
nation reactions C ->■ B and B A occurring over catalyst 
Y result in overall exothermicity of this catalyst.
The heat balances over the two types of catalytic 
species X and Y (viz. equations 2.76 and 2.114 respec­
tively) may now be solved numerically, as for the case 
of the simple reaction A -> B. The data used for this
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purpose is obtained from Table 3. Figure 13 contains
a family of curves representing solution of equations
(2.76) (i.e. curves below the 45° line) and (2.114) (i.e.
curves above the 45° line) for a wide range of fluid
compositions Cj^. These curves are generally similar
to those obtained for the simple reaction A B (ref.
Figure 12), despite the smaller range of fluid and
pellet temperatures investigated in this case. The
curves describing heat transfer and chemical reaction
over the endothermie type X pellets demonstrate the
uniqueness of the steady state in this case since all
these curves are monotonically increasing functions with
respect to the fluid temperature T^. The effect of
increasing the fluid concentration of reacting compo-
d T£
nents is, of course, to increase the gradient — .
This, again, is in agreement with the prediction of
X
equation (2.137) for the simple reaction A -> B and is 
due to the increased rate of heat absorption.as a 
result of increasing the rate of endothermie reaction.
On the other hand, the effect of increasing fluid con­
centrations (in the case of the overall exothermic 
reforming reactions over catalyst Y) is much more
d T
serious due to the sharp increase in the gradient jd l£
and the subsequent onset of steady state multiplicity. ' 
Numerical tests have shown that this phenomenon becomes 
important if the fluid concentration of the intermediate
3
component B exceeds a value of 0.02 kg mole/m . Since, 
under high reforming pressures, the fluid concentration 
of the main reacting component A at the reactor inlet
116
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Figure Id Solution of heat balance equo.tiom
*> (2.76 and 2,114) for reforming over a
discrete pellet mixture (Fig.10)
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%
is estimated at 0.15 kg mole/m , then clearly the above 
figure for the concentration of B (i.e. represents
an extreme case. This observation has been verified 
by reference to data obtained from a subsequent study 
of the steady state performance of a reactor packed with 
a discrete mixture of separate pellets of types X and Y 
(see Section 3.4). Temperature runaway of catalyst Y 
was only experienced in the extreme case of non-adiabatic 
non-isothermal operation with a very high value of the 
catalyst composition e (viz. 0.99). The discontinuous 
curve in Figure 13 has therefore been obtained by 
solving the heat balance over type Y pellet (viz. equa­
tion 2.114) using the fluid concentrations obtained from 
solution of the reactor state equations (viz. 3.1 and 
3.2, Chapter 3) immediately prior to computer program 
failure due to temperature runaway. It is therefore 
unwise to operate a reactor which is packed mainly with 
type X catalyst particles and mixed with a very small 
fraction of type Y pellets. Further discussion of this 
point will be given in the next chapter (Section 3.4).
It will also be demonstrated that the relatively superior 
nature of composite bifunctional pellets means that no 
further analysis of this phenomenon will be necessary.
Finalfy, it is worth noting that the above treat­
ment in the case of endothermie pellets substantiates 
the conclusions regarding general stability of composite 
bifunctional catalyst pellets and which were arrived at 
in Section 2.2.2. This is immediately clear from the 




A STEADY STATE ONE-DIMENSIONAL REACTOR MODEL
3.1 INTRODUCTION
It will have been appreciated from the foregoing 
treatment of bifunctional catalyst pellets that, in 
spite of the considerable model simplification brought 
about by the observation that the catalyst pellet 
remains essentially isothermal over a wide range of 
practical conditions, adoption of a lumped parameter 
model of the pellet coupled with a fully distributed 
reactor model will still be far too demanding in terms 
of computational effort. This is because, apart from 
integrating reactor fluid field equations both radially 
and axially, the pellet equations must also be solved 
at many radial and axial positions within the reactor.
On a relatively small computer, such as an ICL 4-50 
machine, this procedure would probably require more 
than one hour of central processor time. The execu­
tion time clearly depends upon the number of radial and 
axial mesh points required to achieve a reasonably 
accurate numerical solution. As already pointed out 
in Section 1.2.2, even a one-dimensional radial heat 
dispersion^model^® requires solution of the pellet 
model at many radial positions in order to evaluate 
the mean mass and heat transfer rates at any given axial 
position within the reactor. When combined with axial 
integration of the fluid equations, it is estimated that 
more than thirty minutes of computer time is required.
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Furthermore, the computations described above will have 
to be repeated for many time intervals if it is intended 
to study the transient behaviour of the reactor (Chapter 
5). Solution of such models therefore requires many 
hours of computer time. Apart .from the excessively 
long central processor time, it is also important to 
consider available core storage space (i.e. computer 
memory requirement), since the machine is usually used 
to run many programmes concurrently, depending on the 
available memory locations. It has been found that, 
even when solving simplified models of the catalyst 
pellet and the reactor, the necessary double precision 
mode described in Section 2.2.1 means that a large pro­
portion of available capacity will be consumed during 
a program run.
Because of these important limitations, the
mathematical model describing mass arid heat transfer
in the fluid phase will not include allowances for
radial or longitudinal dispersion effects. However,
such simplifying assumptions are not unreasonable since
the reactor tube diameter is approximately forty times
the particle diameter whereas the tube length is nine
hundred times the latter. Heat transfer across the
reactor tube wall will be described in terms of an
overall wall heat transfer coefficient h . A furtherw
simplification of the reactor model is made by assuming 
that plug type fluid flow prevails within the reactor 
tube. This assumption, entailing absence of radial 
velocity distributions, has already been discussed in
120
Section 1.2.2.
Bearing in mind the basic simplifying assumptions 
outlined in Section 1.2.4 and those discussed above, 
the processes of bulk fluid material and energy trans­
port may now be represented by a set of simultaneous 
first order ordinary differential equations which may 
be conveniently solved using a step-wise explicit finite 
difference numerical algorithm (viz. Runge-Kutta-Merson). 
In these equations, the mass and heat transfer rates 
due to chemical reaction, for both types of bifunctional 
catalyst systems, may be obtained from solution of the 
catalyst pellet models as described in Chapter 2.
3.2 FLUID EQUATIONS FOR THE GENERAL CASE OF REFORMING 
REACTIONS
The mass and heat balances over a differential 
reactor volume element for both types of bifunctional 
catalyst preparation may now be written as follows:
6C. ̂
e u — ^  = -M. ; j = A, B, C, D or F (3;1)
ÔZ ^
_ 6Tr 4 h^
e u pr c^ = -H + ---  (T. - T.) (3.2)
t P 6Z
Equations (3.1) and (3.2) are subject to the following 
initial conditions, corresponding to the reactor inlet:
Cjf " ^jfo ; j = A, B, C, D or F at Z - 0 (3.3)
Tf = T^Q at Z = 0 (3.4)
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In these equations, the symbols u, p£ and denote the 
superficial velocity, density and mean heat capacity of 
reacting fluid respectively, whereas Z, d^, and h^ ■ 
refer to the axial position within the reactor, the 
reactor tube diameter, temperature of heating fluid and 
the overall wall heat transfer coefficient respectively. 
The terms and H, on the other hand, are given by 
equations (2.48) and (2.49) for the case of composite 
pellets, and by equations (2.126) and (2.128) for the 
case of a discrete pellet mixture.
3.3 SOLUTION OF EQUATIONS (3.1) - (3.4)
The initial value problem posed here is clearly 
highly non-linear due to the presence of terms such as 
Mj and K in equations (3.1) and (3.2), representing 
material and energy interchange between the fluid and 
solid phases. As described in Chapter 2, these terms 
are functions of the uniform pellet temperature which 
is, in turn, dependent upon fluid conditions (i.e. Cj£ 
and T£ in equations 3.1 and 3.2). A problem of this 
nature is best solved numerically using an explicit 
finite difference integration technique. While similar 
equations, obtained in the case of relatively simple 
exothermic reaction s y s t e m s , have previously been 
solved by replacing derivatives with first order finite 
difference approximations (viz. Euler’s backward dif­
ference expressions), it has been found that in order to 
obtain a more accurate numerical solution of the pro­
blem, use of a higher order integration method is
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preferable. Furthermore, the first order method men­
tioned above could become unstable for a relatively large 
integration step size. Such behaviour may be attributed 
to increased significance of truncation errors, as dis­
cussed in Section 1.2.5. For these reasons, solution 
of equations (3.1) and (3.2) was achieved utilising the 
double precision mode of a fourth order Ruge-Kutta** ' >  ̂
numerical integration formula combined with the important 
Merson**® modification which involves estimation of trun­
cation errors and subsequent adjustment of the integra­
tion step size depending on the required accuracy. No 
further discussion of this method will be given here, 
since abundant coverage of the Runge-Kutta integration 
methods may be found in the literature references indica­
ted in Chapter 1. ' •
The physical data pertaining to reactor configuration
and properties of the reactor fluid and heating medium are
given in Table 5, whereas the chemical kinetics and physi­
cal data relating to composite catalyst pellets and sepa­
rate discrete pellet mixtures may be obtained from Tables 
2 and 3 respectively. The flow diagram in Figure 14 
illustrates the step-wise integration process of equations 
(3.1) through (3.4).
3.4 DISCUSSION OF THE RESULTS
3.4.1 Reliability of Numerical Solutions
In order to determine the reliability of results
obtained from numerical solution of equations (3.1) to 
(3.4) inclusive, a number of tests were first carried
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out. Comparison of reactor performance predicted from 
the mathematical models with results obtained from 
laboratory experiments under conditions of chemical
reaction control (i.e. absence of all mass and heat
transfer effects) were thus effected. This was accom­
plished (in the case of discrete pellet mixtures) by 
reducing the heterogeneous reactor model to a quasi- 
homogeneous model representing a laboratory scale reac­
tor operating isothermally under chemical reaction con­
trol and having a residence time identical to that of
Table 5* Data for Solving Reactor Equations
Symbol Magnitude S.I. Units
0.149 kg.mole/m^
"b £o " '
Ccfo
Cd £o
S £ o  0.0 • "
c . 1.46538 kJ/kg.°K
d 0.15 m







I * See Addendum (p 232 )
the laboratory reactor^ used to obtain chemical kinetic 
data. This was achieved by adjusting the model para­
meters to correspond to the . following values:
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Figure 14 Flow diagram for numerical solution of
the steady state . one-dimensional reactor 
mode I
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L1). — = T Cviz. the residence time in the laboratory 
scale reactor)
2) h^ = 0. This eliminates heat supply to the 
reactor fluid.
3) h = 00 (i.e. very large)-. This removes inter 
phase heat transfer resistance. Therefore
= Ty = Tf.
4) AH^j = 0. This eliminates all heat effects 
within pellets X and Y, thereby maintaining 
T^ and T^ equal to fluid temperature T^ (viz. 
the reaction temperature).
5) ™ (i.e. very large). This removes 
inter- and intra-particle mass transfer resis­
tances and thus implies chemical reaction con­
trol.
The effect of these modifications therefore is such that 
chemical reaction will proceed at the constant tempera­
ture T£ throughout the reactor with minimal resistance 
to mass and heat transfer. The numerical tests invol­
ved numerical solution of the reduced mathematical 
model; hence obtaining the yield of desired product F 
(viz. benzene) over the whole range of bifunctional 
catalyst composition e (i.e. 0 < c < 1). The results 
thus obtained were in perfect agreement with the experi­
mental and computed results of the optimisation carried 
out by Jenkins and Thomas.^ In this case, the optimum 
benzene yield occurred for a value of c = 0.75. While 
corroborating the validity and accuracy of the numerical
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solution of equations (3.1) through (3.4), the results 
of this test are not presented here since such computa­
tions have already been reported.^ The only difference 
between solutions for composite and discrete pellets 
when the above parameter values are adopted lies in the 
fact that the mass balance equations for a composite 
pellet (i.e. equations 2.1 to 2.4) are solved by finding 
the eigen values and eigen vectors of the corresponding 
matrix whereas closed form analytical solutions may be 
obtained in the case of discrete pellets.^
In this context, it is important to point out that if 
the mass balance equation of the redundant variable F 
(in the case of composite pellets), whose direct solu­
tion is not essential for complete solution of the sys­
tem, is included in the general treatment and the second 
order differential equations are decomposed into first 
order equations (i.e. numerically finding eight eigen 
values and eight eigen vectors for the four second 
order ODE’s 2.1 to 2.4), then the numerical method will 
fail to give the correct solution. This is because 
solution of the eigen value matrix will contain two 
linearly dependent eigen vectors due to the multiple 
eigen values (viz. ^7 “ “ 0 ) associated with the
redundant variable F . Instability of the numerical 
\
method also occurs for extreme parameter values (e.g. 
c > 0.9) even when the eigen values and eigen vectors 
of the four original second order differential equations 
are obtained directly, as explained in Section 2.2.2.
It is therefore advisable not to include any redundant 
variables in the eigen value problem. Solution for
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the redundant variable F is best obtained by analytical 
integration of equation (2.4), using boundary conditions 
(2.7) and (2.8) in order to determine the two unknown, 
integration constants. The required numerical values 
of surface concentrations of the key variables appearing 
in this equation (i.e. and C^^) may then be obtained
from numerical solution of equations (2.1) through (2.3), 
since the main interest is to evaluate the rate of 
transfer of component- F out of the pellet rather than 
determine its concentration profile within the pellet.
In this way, the numerical method is found to be stable 
for all parameter values.
3.4.2 Interpretation of Results and Comparison of Two 
Catalyst Preparations
Attention is now directed to an interpretation of 
the results obtained by solving the reactor model for 
the case of composite bifunctional pellets. It is clear 
from general examination of the concentration profiles 
in Figures 15 to 23 inclusive'that, over a wide range of 
operating conditions, the concentration of the inter­
mediate component D (viz. cyclohex-l-ene) is negligibly
small throughout the reactor. . In other words, the
Yisomérisation reaction step B J D (Figure 1) offers an
extremely limited contribution towards the formation of
final product F. Comparatively speaking, production of
benzene (F) is almost entirely attributed to the kinetic
step displaying a cooperative catalytic effect (i.e.
X&YB ^ F). This observation forms the basis of the
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kinetic model reduction discussed in Chapter 4. 
Furthermore, the importance of the cooperative reaction 
step B F explains why the optimum, benzene yield 
occurs for a value of the constant catalyst composition 
e of approximately 0.5 (Figure 30), since the rate of 
formation■of-benzene would be given by the term 
G (1 - e) ky Cg whose maximum value with respect to e 
may be shown, by differentiation, to occur for a value 
of G = 0.5.
Figure 15 illustrates the low conversion obtained 
from an adiabatically operated reactor with significant 
intra-particle and inter-phase mass and heat transfer 
resistances. Diminished benzene yield in this case is 
obviously caused by declining fluid and composite pellet 
temperatures resulting from the overall endothermicity 
of the reforming process. As the reaction temperature 
drops, fluid and pellet temperatures become identical 
due to prevailing chemical reaction rate control.
Figures 16 and 17, on the other hand, show the substan­
tial improvement in product yield for an isothermal 
reactor with and without inter-phase and intra-particle 
mass transfer effects respectively. The horizontal 
lines in these figures represent the uniform and identi­
cal fluid and pellet temperatures of 773°K. Such 
desirable reactor operation, however, is difficult to 
sustain in practice due to the extremely complex chemi­
cal and physical interactions already described. It 
may, nevertheless, be approximated by a non-adiabatic 
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■Figure 18 Axial temperature and eompoaition pro­
filée along a reactor packed with com- 
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Figure 22 Axial temperature and compcaition pro­
filée along a reactor packed 'jith com­
poaite pelleta (non-isothermal operation, 
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heat to thç reaction medium in order to keep the tem­
perature of the catalyst pellet at a level not far 
removed from its initial value at the reactor inlet. 
Numerical investigations demonstrated that such effect 
may be brought about by supplying quantities of heat 
to the reaction zone that are equivalent to keeping the 
. temperature of the heating medium at a constant value 
of 2200°K. For such non-isothermal operation, Figures 
18 to 21 inclusive show the effect of increasing the 
compounded pellet composition e from 0.1 to 0.99. The 
maximum benzene yield is clearly obtained in the case 
where e has a value of 0.5. As e is increased beyond 
this optimum value, formation of the intermediate com­
ponent B and cracked products E is enhanced since inc­
rease in c implies a diminution in the amount of the 
isomérisation catalyst Y which also catalyses the for­
mation of final product F (see Figure 1), Clearly this 
produces an undesirable escalation in both the fluid and 
catalyst pellet temperatures due to the increasing
significance of heat released through the exothermic
X
cracking reaction A ^ E. This effect, however, is not 
as serious as in the case of separate pellets (discussed 
later) since, in this case, the heat released by the 
exothermic reaction is immediately utilized to promote 
the overall endothermie reforming reaction. Hence, 
the danger of temperature runaway (which only becomes 
important in the hypothetical case where e has a value 
of 1.0) is eliminated. In this hypothetical case, the 





The irreversible exothermic reaction A ->■ E will thus
X
compete with the endothermie reaction A B and there­
fore cause undesirable temperature runaway for relati­
vely large reactor residence times. During normal 
reactor operation, the overall endothermicity of the 
reforming process is depicted by the temperature 
curves in Figures 18 to 21 inclusive, which show that 
the composite pellet temperature is always lower than 
that of its surrounding fluid. The effect of reducing 
fluid temperature at reactor inlet for the non-isother­
mal case is clearly demonstrated in Figure 22. The 
temperature and composition profiles in this figure 
show that chemical reaction does not occur to any 
significant extent within the first section of the 
reactor (i.e. 0 < Z < L/4) due to the low temperatures 
of fluid and solid phases. In this part of the reactor, 
the purely physical process of sensible heat absorption 
results in ̂ an increase in the fluid and composite pellet 
temperatures to a level where chemical reaction becomes 
significant. The consequence is thus to increase mass 
and heat transfer limitations and cause the pellet tem­
perature to depart from the temperature of the fluid 
phase. Figure 23, on the other hand, illustrates the
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effect of increasing the temperature of.the heating 
medium from 22D0°K to 2800^K. Examination of tempera­
ture and composition profiles shows that complete con­
version of reactant is achieved due to high overall 
fluid and composite pellet temperatures. The last 
section of the reactor in this case performs the dis­
advantageous and costly function of further heating up 
of solid and fluid phases due to cessation of endother­
mie reactions.
Performance of reactors packed with composite bi­
functional pellets may now be compared to the case of 
discrete pellet mixtures not used in practice. Figures
24 through 29 show the temperature and composition pro­
files obtained in the case of separate pellets by 
numerical solution of the reactor state equations (viz.
3.1 to 3.4 inclusive) for a wide range of operating 
conditions. As in the case of composite pellets,
Figure 24 depicts the low overall conversion obtained 
from an adiabatically operated reactor. This is 
directly due to declining fluid and catalyst pellet 
temperatures along the reactor length. For an optimum 
value of the catalyst composition c (0.75, cf. 0.5 - 
0.6 in the case of composite pellets), however, benzene 
yield is considerably higher than that shown by Figure 
IS for the same initial reactor fluid temperature of 
773°K. This observation is further substantiated by 
the very high yield of benzene (- 91%) shown by Figure
25 for the isothermal case and in the absence of all 
mass transfer resistances. The horizontal line in this
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figure represents the identical temperatures of fluid 
and both types of catalyst pellet (X and Y). ' The high 
product yields in comparison with the case of composite 
pellets may be due to incompatibility of kinetic data 
for the two systems. In fact, general comparison of 
temperature and concentration profiles for the two bi­
functional catalyst systems indicates that a discrete 
mixture of separate pellets is substantially more endo­
thermie than a preparation involving composite pellets 
for the same operating conditions. This may be ascribed 
to the higher overall reaction rate in the case of dis­
crete pellets. On the other hand, the reasons behind 
such discrepancies may also be attributed to the uncer­
tainty regarding description of the cooperative reaction 
X&Y
step B -> F for the case of composite pellets. This 
point will be discussed in greater detail in Chapter 4. 
Figure 26 shows the temperature and composition profiles 
in the non-adiabatic non-isothermal case of separate 
pellets and in the presence of all mass and heat trans­
fer effects. For this case. Figure 26 also shows that 
benzene yield is significantly lower than the analogous 
case of composite pellets (cf. Fig.19), in contrast to 
other modes of operation. Clearly, this is because of 
the superior mass and heat transfer characteristics of 
composite pellets since material and energy transport to 
the reaction zone is retarded merely by the stagnant 
fluid film and the porous structure of the composite 
pellet. In the case of discrete pellet mixtures, 
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the two different types of catalyst pellet (i.e. X and 
Y), in addition to pore diffusion within each pellet. 
This is an important conclusion since the higher product 
yield means that composite pellets are more favourable 
under non-isothermal conditions and in the presence of 
various mass and heat transfer limitations.
Despite the fact that industrial reforming reac­
tors are operated adiabatically, their performance may 
indeed be approximated by the non-adiabatic non-isother­
mal case described above and illustrated, for both types 
of catalyst preparation, by Figures 19 and 26. This 
analogy may be justified by reference to typical indus­
trial reforming reactors^^^^ which are usually instal­
led as a series of three or four fixed-bed reactors 
with interposed reheaters. The reaction mixture (viz. 
petroleum naphtha and hydrogen) is first preheated to 
about BOO^K (slightly higher than the initial fluid 
temperature adopted for the purpose of modelling these 
reactors, viz. 773^K) and is then admitted to the first 
reactor. The reheaters prevent the reaction tempera­
ture from dropping below about 730®K as a result of the 
endothermicity of the reforming process. Clearly, if 
a larger number of smaller reactors and reheaters were 
used, then the reaction temperature would be controlled 
even more closely. In the limit, this situation will 
correspond to the non-adiabatic non-isothermal model 
described above, which incorporates continuous heating 
of the reaction mixture in the form of a heating jacket.
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The mathematical models describing the performance of 
adiabatically operated reforming reactors, on the other 
hand, do not predict the true behaviour of industrial 
reforming reactors since these models allow the reac­
tion temperature to drop substantially below the tem­
perature at the reactor inlet (see Figures 15 and 24), 
thus causing low overall conversion. In view of all 
these facts, it is therefore reasonable to state that 
composite pellets are especially preferable to discrete 
pellet mixtures under conditions of practical importance.
The effect of increasing the catalyst composition 
e beyond a value of 0.9 in the non-isothermal case is 
apparent from examination of Figures 27, 28 and 29. As 
e is increased within the range 0.9 - 1.0, the effec­
tiveness of the endothermie reactions in absorbing heat 
supplied to the reactor is reduced since the smaller 
quantity of the isomérisation catalyst (Y) results in 
the relative insignificance of the isomérisation reac­
tion B J D leading to formation of final product F (see
Figure 10). Simultaneously, this process will cause
Yan increase in the rate of exothermic reactions C B 
Yand B A and produce a substantial escalation in the
temperature of catalyst Y. In mathematical terms,
dTy
this escalàtion in T is due to the high gradient — ^
y dT.
for this range of values of e, as explained in 
Section 2.3.4. Furthermore, as e approaches a value 
of 1.0, solution of the heat balance equation (viz.
2.114) is gradually shifted towards the region of mul­
tiple steady states. For the case where e has a value
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of 0.99, Figure 29 in fact manifests the onset of the
dT.
region of multiplicity since the gradient ^ isdZ
obviously infinitely large. This represents the turning 
point in the heat balance curve toward conditions embra­
cing multiple steady state solutions. This conclusion 
has actually been verified in Section 2.3.4 (see Figure 
13) by solving the heat balance over type Y pellets 
using numerical values of the fluid concentrations 
obtained at a position along the reactor immediately 
prior to failure of the computer program as a result of 
the uncontrolled rise in T^ depicted in Figure 29. No 
further discussion of this phenomenon will be given 
since the conclusion regarding the general superiority 
of composite pellets means that physical mixtures of 
separate pellets should, in any case, not be employed 
in practice. This conclusion will be further substan­
tiated in Chapter 4.
Results describing the numerical optimisation of 
benzene yield with respect to.the uniform catalyst 
composition e for both cases of bifunctional catalyst 
preparation (viz. composite and separate pellets) are 
illustrated graphically in Figures 30 and 31 respectively. 
Curves 1 to 5, in each case,.have been obtained by sol­
ving the sceady state reactor equations (viz. 3.1 to
3.4 inclusive) for a range of values of e (0 ^ c ^ 1) 
and for various modes of reactor operation (viz. adia­
batic, non-isothermal with mass and heat transfer 






Figure SO Yield of benzene as a funot ton of uni- 
\ form catalyst composition (compounded 
catalyst). Curve adiabatic; 
curve 2, non-isothermal; curves 3 and 
4 y iso thermal y no film mass transfer 







Figure ZI Yield of benzene as a junction of uni­
form catalyst composition (discrete 
miczture of pellets). Curve adiabatic; 
curve 2 y non-iso thermal ; curve Z y iso­
thermal y intra- and inter-particle mass 
transfer resistances finite; curve 4y 
isothermal y no film, macs transfer resis­
tance; curve 5 y isothermal y chemScal 
control.
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transfer, isothermal with intra-particle diffusional 
retardation and finally the isothermal case under 
chemical reaction control). As expected, examination 
of curves 2, 3, 4 and 5 for the case of composite pellets 
(i.e. Figure 30) shows the relatively unimportant effects 
of inter-phase and intra-particle mass and heat transfer 
retardation. In fact, the coincidence of curves 3 and 
4 demonstrate the complete insignificance of the resis­
tance to mass transfer in the fluid film exterior to 
the pellet surface. On the other hand, the analogous 
curves for the case of separate pellets (i.e. Figure 
31) emphasize the importance of mass and heat transfer 
limitations since, in this case, intermediate products 
must be transported from one type of particle to
another. For the case of simple bifunctionally cata-
X Y X Ylysed reactions (viz. A ^ B ^ C and A B C) , this
phenomenon has been demonstrated analytically by Gunn 
and Thomas.2 1 In particular, curve S in Figure 31 
shows the remarkable improvement in benzene yield 
obtained in the case of separate pellets by removing 
intra-particle diffusional retardation. For reasons 
already pointed out, the yield in this case is consi­
derably higher than that obtained over composite pellets 
under the same conditions. However, examination of 
curves 3 and 4 in Figures 30 and 31 clearly shows that 
product yield is higher for composite pellets when 
inter- and intra-particle mass transfer resistances 
become important. Comparison of the curves numbered 2 
in Figures 30 and 31 indicates that this superior beha-
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haviour of* composite pellets is even further exaggerated 
in the practically more important case of non-isothermal 
reactor operation with prevailing mass and heat transfer 
effects. This rather remarkable conclusion, in view of 
the foregoing discussion regarding curves numbered 5 in 
Figures 30 and 31, clearly favours the use of composite 
pellets in practice. In Chapter 4, further evidence 
relating to this conclusion is sought from reconsidera­
tion of the representation of the cooperative reaction 
step B F.
Another important feature of the curves in Figure 
30 is the flat profiles of benzene yield when composite 
pellets are used under adiabatic or non-isothermal 
operating conditions (viz. curves 1 and 2). These flat 
profiles clearly entail general insensitivity of product 
yield to variation in the catalyst composition e for 
most of the range between 0 and 1. This observation 
has also been substantiated - for the non-isothermal 
case - by failure to converge to the optimum catalyst 
composition profile (viz. c vs. Z) using a numerical 
optimisation technique^® based on the Maximum Principle 
due to Pontryagin. This ill defined optimum benzene 
yield, in contrast to the well defined optimum in the 
case of separate pellets, possibly arises from interac­
tion of the following effects;
1) reduced effect of resistances to mass and heat 
transfer in comparison to the case of separate 
pellets.
. 1 4 5
2) low overall reaction endothermicity in the 
case of composite pellets, as explained 
before. '
3) the effect of the exothermic cracking reaction
Y
A E (Figure 1, composite pellets); this 
seems to generate quantities of heat sufficient 
to cause a substantial rise in the composite 
pellet temperature which somewhat counteracts 
the effect of changing e.
The practical significance of this observation is 
obviously inherent in the flexibility of choice of e, 
such that it entails the minimum capital cost, while 
maintaining product yield at the desired level.
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CHAPTER FOUR
SIMPLIFICATION OF KINETIC MODEL FOR COMPOUNDED PELLETS
4.1 INTRODUCTION
Two important conclusions have emerged from consi­
derations of steady state reactor modelling outlined in 
Chapter 3. First, it has been demonstrated that a 
compounded reforming catalyst is, in practice, superior 
to a discrete pellet, mixture in view of the favourable 
mass and heat transfer characteristics. Therefore, 
the treatments given in later Sections of this thesis 
are confined to further investigations of the perfor­
mance of reactors packed with composite pellets. Due 
to the overall complexity of the reaction scheme estab­
lished for such catalyst (see Fig.l), however, an 
attempt is made in this Chapter to simplify this reac­
tion scheme. The object is to reduce the relatively 
large computational effort. This will be especially 
valuable in the solution of the unsteady state reactor 
model considered in Chapter 5 since, apart from solving 
the mass and heat balance equations of the catalyst 
pellet at many axial positions within the reactor, their 
solution must also be repeated for a suitable number of 
time intervals.
The second conclusion, obtained from a study of
reactors packed with composite pellets, was derived from
the predominant influence of the cooperative reaction 
X&Ystep B ^ F (see Figure 1) in the formation of benzene
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and the relative insignificance of the isomérisation 
Yreaction B D followed by the dehydrogenation reaction
V X&YD -► F. Since, these two reaction paths (viz. B ^ F
Y X •and B ^ D + F) are parallel, then the important path is 
the one which entails a relatively large reaction rate 
constant.^ Consequently, it is reasonable to simplify 
the kinetic model by eliminating the relatively unimpor­
tant isomérisation and dehydrogenation reactions (viz.
Y XB D F) . The redaction scheme given in Figure 1 
therefore reduces to the* following scheme:
X & Y
B —
Figure 22 Reduced Kinetic Model for Composite Fellets
In Section 4.2, the validity of the simplified 
reaction scheme given in Figure 32 is tested by com­
paring the results obtained from numerical solution of 
a steady state one-dimensional reactor model with the 
results given in Chapter 3 for the case of the complex 
reaction scheme (Figure 1) covering a 'wide range of
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operating conditions. Section 4.3, on the other hand, 
will be devoted to a further examination of the mathe­
matical representation of the cooperative reaction step 
B F, Thus it is hoped to account for the signifi­
cantly higher benzene yield obtained over a discrete 
pellet mixture than for composite pellets under the 
same conditions of chemical reaction control (see Sec­
tion 3.4.2). Finally, an attempt is made in Section 
4.4 to show that a two-stage falling profile of the com­
pounded catalyst composition is, in fact, a sub-optimal 
policy giving a slightly higher benzene yield than an 
optimum uniform catalyst composition.
4.2 VALIDITY OF THE REDUCED 'KINETIC MODEL
In order to assess the suitability of the reduced
kinetic model for composite pellets (i.e. Fig.32), a
lumped thermal resistance model for the catalyst pellet
will be solved within a general one-dimensional reactor
model. It should be noted that these mathematical
models describe mass and heat transfer effects in exactly
the same manner as pointed out in Sections 2.2.2 and 3.2.
However, the difference in mathematical representation
is caused by the reduced number of key components (viz.
A and B instead of A, B and D) and hence the number of 
\
ordinary differential equations describing the mass 
balances o\rer the single catalyst particle and the reac­
tor as a whole. Furthermore, the rates of chemical 
reaction and heat absorption involving components B and 
F (viz. methyl cyclo-pentene and benzene respectively)
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are slightly modified due to the absence of interaction 
with component D (viz. cyclo-hexene, Fig.l).
4.2.1 Mass and Heat Balances Over Composite Pellets
Bearing in mind the points discussed above, the 
differential equations describing mass balances over a 
spherical composite pellet of radius , become (see 
Figure 32);
d^f ‘^  = 0 (4.1)
d2f
+ E £a - U  + eCl - e) fg = 0 (4.2)
d f p  2
 y + e(l - e) e, £„ = 0 (4.3)
d R^  ̂ *
Where fj = CX.R (j = A, B and F) (4,4)
0? = k^/D ■ (i = 1, 2 and 7) (4.5)
The remaining parameters have their usual significance. 
The boundary conditions apposite to equations (4.1) to 
(4.3) are:
f. = 0 at R = 0 (4.6)
J
,^Sh . 
d £. Nch (“ T  ■
 i = --- , C._c ”   * f* at R = R (4.7)
d R 2 J" R_  ̂ s
2 . R= . k
Where =      (4.8)
De
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In spite of the fact that the two principal linear 
ordinary differential equations (viz. equations 4.1 and 
4.2) may be solved analytically, these equations will 
be solved numerically using the Eigen Value method as 
described in Section 2.2.2. This is because, apart 
from, keeping *a consistent* notation, analytical treatment 
of these equations is rather tedious. Applying boun­
dary condition (4.6), the general solution of equations 
(4.1) and (4.2) becomes:
2
fj = I ( e * ^  ^ ^) ; j = 1, 2 (4.9)
i=l
Where (i = 1, 2) are the eigen values of the matrix
obtained from equations (4.1) and (4.2) and : (j =
J >
A or B) is the eigen vector associated with eigen value 
for component j. The constants a^ (i = 1, 2) may be 
evaluated from solution of the following algebraic equa­
tions, obtained as a result of substituting boundary 
condition (4.7), by Gaussian Elimination:
2 r (ÎÎ|2l - 1) /IT R - 1)I Ç. ; (/IT +  } e  ̂  ̂ 4 - - ?- - - - }.
1 = 1 ^ ’ ** K;
■V5T R T Ng,
e j Cjf ; j = 1, 2 (4.10)
The redundant equation (viz. equation 4.3) may be inte­
grated directly by substituting the general solution of 
equation (4.2). As pointed out in Section 3.4.1, this 
method of treatment of the elgen-value problem avoids the 
occurrence of multiple eigen values which might cause
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numerical instability. Furthermore, the unknown uni­
form composite pellet temperature is implicit in the 
eigen-value and eigen-vector terms in the general solu­
tion (viz. equation 4.9). This temperature may be 
obtained from iterative solution of the following heat 
balance over'the catalyst pellet, as described before:
(Tf - T p  = -{eC-AHg) riA, -
'̂ Bs ^7 ^Bs^ (4.11)
All the parameters appearing in equation (4.11) have the
same significance as defined in Section 2.2.2. The
surface based effectiveness factors p., (j =.A and B)1 s
may be eliminated from equation (4.11) by substituting 
the following mass balances over the fluid film exterior 
to the pellet surface:
^̂ Af ” Âŝ   ̂ Âs (̂ 1 3̂̂  Âs "  ̂^Bs^2^Bs (̂ -IZ)
s
(Cg£ - Cgg) {e + e(1 - e) k^} Hgg Cg^
= ^As kl CAs(4.13)
3 km (^Ff “ Cpg) - e(l - e) rigg k^ (4.14)
The heat balance (viz. equation 4.11) therefore reduces 
to :
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°  ~  (^1 (^A£ " ^As *̂ B£ ■ Cgg) + (Yi ■ Y?)'
(Cp£ - Cpg)} (4;i5)
(-AH,..) k, + (-AH_) k_
Where Yn = ---------------------- —  (4.16)
e (1 - e)(-AHy) ky - e(-AH^2)
and Y9 = ------------------    (4.17)
e (1 “• e) ky
The unknown surface concentrations contained within the 
right hand side of equation (4.15) are, of course, 
obtained from simultaneous solution of the mass balance 
equations over the pellet (i.e. equations 4.1 to 4.3).
4.2.2 Evaluation of Mass and Heat Transfer Rates
The object of solving the catalyst pellet model is 
to determine the overall rates of chemical reaction. 
These rates may subsequently be substituted in the reac­
tor state equations in order to estimate spatial changes 
in temperature and composition along the reactor.
Using the same terminology as in Section 2.2.2, the 
rate of mass transfer of component j, in kg moles per 
unit reactor volume per unit time, is given by:
3(1 - e) D d C.
M. = -----------  . (--- 1) (4.18)
 ̂ R dR R,s s
Where e is the void fraction within the reactor tube. 
The concentration gradient at the pellet surface (i.e. 
d C.
 ^ I g ) may be obtained by differentiating equation
dR ^s
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(4.9) and making the substitution R=Rg. On differen­
tiating equation (4.4) with respect to R, the following 
equation is obtained:
d C. 1 d f . 1
(--- = - . (---------^)r - -2 . ( £ P r (4.19)
dR *̂s Rg dR R‘ J ‘'s
Equations (4.9), (4.18) and (4.19) therefore yield:
3(1 - e) D 2 . /T7 R
M .  ^ I  Sj,i *1 (CRg /IT - 1) e
s i=l
-/XT R
+ (Rs + 1) e V  ; j = A, B (4.20)
The rate of mass transfer of component F, described by 
the redundant mass balance equation (4.3), is most con­
veniently evaluated from the following expression, 
derived from the right hand side of boundary condition
(4.7):
3(1 - e) k
Mp - • (Cp£ - Cpg) (4.21)
s
As explained before, the surface concentration Cp^ in 
equation (4.21) is determined by double integration of 
equation (4.3) and substitution of the general solution 
for component B (viz. equation 4.9) utilizing the boun­
dary conditions (4.6) and (4.7). After some algebraic 
manipulation, equation (4.21) becomes:
3(1 - e) k  ̂ e(1 - e) d
" T2  ̂""ig* I • ̂ 2,i
i = l -|û • ''i
v/XT R -/IT R
e  ̂  ̂ + (/IT R + 1) e ®) (4.22)
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The rate of heat transfer per unit reactor volume, on 
the other hand, may be derived from the heat balance 
(viz. equation 4.15). Using the same notation as in 
Section 2.2.2, it is given by:
3(1 - e) h
H = -----------  . (Tp - T ) (4.23)
Rs
Where h is the film heat transfer coefficient and T^ is 
the uniform composite pellet temperature, obtained from 
iterative solution of equation (4.15).
The above expressions for the rates of mass trans­
fer of components A, B and F (viz. equations 4.20 and 
4.22) and the rate of heat transfer (viz. equation 4.23) 
may now be substituted directly into the general reactor 
state equations given in Section 3.2 (viz. equations
3.1 to 3.4 inclusive). These equations may then be 
solved for composition and temperature profiles along 
the reactor using the Runge-Kutta-Merson algorithm des­
cribed in Section 3.3. The logic of the processes of 
integration of the pellet and fluid equations is illus­
trated by the flow diagram in Figure 14 (Chapter 3).
The data used for solving the pellet and reactor models 
is exactly the same as before (i.e. Tables 2 and 5).
4.2.3 Discussion of Results of Simple Kinetic Model
The results of numerical solution of pellet and 
reactor equations, using the reduced kinetic model for 
reactions over composite pellets (viz. Figure 32), are 
listed in Table 6 for a wide range of operating conditions
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Table 6 also exhibits the results obtained from the 
original kinetic model as described in Section 2.2.2 
and 3.4. Comparison of these results shows clearly 
that the benzene yield predicted by the reduced kinetic 
model is always less than 1 per cent below the values 
given by the original kinetic model (Figure 1). In 
fact, in all cases except for an initial reactor fluid 
temperature of 500°K, the yield is less than a J per 
cent below the values predicted by the original model. 
Even for this particular case (viz. T^^ = 500°K), 
which is of no practical importance, the deviation is a 
mere -0.63 per cent. This remarkable agreement between 
the two kinetic models is, of course, very useful for 
the purpose of the modelling of reforming reactors.
This is because the reduced kinetic model requires con­
siderably less computational effort than the original, 
more complex, model. Apart from the reduced computer 
memory demand, numerical solution of pellet equations, 
using the simplified kinetic model, requires approxi­
mately 0.5 second central processor time of an ICL 4-50 
computer. In comparison, the original kinetic model 
requires more than 1 second. This saving in computa­
tional effort is especially significant when the pellet 
model has to be solved frequently, as in the case of the 
unsteady state model discussed in Chapter 5. ' Further­
more, it is quite safe to employ the reduced kinetic 
model for the purpose of design of reforming reactors 
since it always underestimates, though very slightly, 
the conversion to desired product (viz. benzene).
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1.1 Non-1 s'̂o thermal, T. = 
2200°K, T* = 9  secs, 
Dg = 4 X 10"'m2/sec, 
km = 0.04 m/sec,
Tfo = 773°K, e = 0.1 0.660548 0.659068 -0.224
1.2 Same as 1.1, c = 0.3 0.694249 0.692763 -0.214
1.3 " G = 0.5 0.701509 0.700274 -0.176
1.4 " G = 0.7 0.695553 0.694827 -0.104
1.5 ” G = 0.9 0.669157 0.669159 +0.000
2.1 Same as in 1, g = 0.5 
D g  = 8 X 10"5 mZ/sec 0.706163 0.704994 -0.166
2.2 Same as 2.1, Dg = 
8 X 10“6 mZ/sec 0.705994 0.704832 -0.165
2.3 Same as 2.1, De = 
1 X 10"7 mZ/sec 0.692430 0.691315 -0.161
3.1 Same as in 1, g -0.5 
T£^ = 500OK 0.409905 0.407340 -0.626
= reactor residence time
This kinetic model will therefore be employed in the 
remaining study.
4.3 MODIFICATION OF THE COOPERATIVE REACTION STEP B X&Y
In Section 3.4, the performance of reactors packed 
with a discrete mixture of separate pellets ŵ as compared 
with the case of composite bifunctional pellets. While
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the latter were shown to be superior to.a physical mix­
ture of pellets under conditions of practical importance 
(i.e. with prevailing mass and heat transfer effects), 
it was noted that, under conditions of chemical reaction 
control, a physical preparation of separate pellets 
resulted in a remarkably higher benzene yield than for 
composite pellets (cf. Figures 30 and 31). The dif­
ference between the two cases was so striking that it 
could not be attributed entirely to experimental error 
in the reaction kinetic s t u d i e s . in view of the
relative uncertainty in the mathematical representation
X&Yof the cooperative reaction step B F occurring over 
composite pellets, it was therefore suggested that fur­
ther examination of this reaction is needed. Having 
established the feasibility and accuracy of the reduced 
kinetic model for composite pellets (see Figure 32), it 
is now possible to employ this model for the present 
analysis.
Examination of the individual specific reaction 
rates (ref. Fig.32) indicates that the maximum rate at 
a given pellet temperature and component concentration 
is given by the following expression:
Max. = k^ Cj ; i = 1, 2, 3 and j = A, B (4.24)
In other words, the maximum reaction rate for step i 
occurs for a value of the catalyst composition c of 
1.0. This is not true, however, in the case of the 
Cooperative reaction B^^^ S)^7p since the maximum value 
of the reaction rate is given by:
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Max. Ry '= Max.{e(l - e) ky C^} (4.25)
.’. Max. Ry = ky Cg Max.{e(l - e)} (4.26)
Writing f(e) = e(l - e) (4.27)
Then the maximum value of this function of e occurs for 
a value of e which satisfies the following condition:
df (e)
  = 0  . (4.28)
de
Combining equations (4.26), (4.27) and (4.28) therefore 
yields :
Max. Ry = 0.25 ky Cg (4.29)
This result is obtained because the maximum value of 
f(e) occurs for a value of e = 0.5.
It is clear from a comparison of equations (4.24) 
and (4.29) that the maximum value of the cooperative 
reaction rate Ry is only one quarter that of any other 
reaction in the complex reaction system of Figure 32.
This suggests that the reaction rate given by the coopera­
tive effect of the two active catalytic species X and Y 
should be expressed as:
Ry = 4 e(l'- e) ky (4.30)
which has a maximum value of ky C^. This is now con­
sistent with the remaining reactions and normalises the 
computation of chemical rate steps.
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The results of the intuitive deduction discussed 
above may now be verified by a study of the performance 
of reforming reactors, packed with composite pellets, 
using the reduced kinetic model outlined in Figure 32 
and including the modification described above. In
order to do this, all the terms involving the coopera-.
X&Ytive reaction B F in the pellet mass and heat 
balances and their solutions (viz. equations 4.2, 4.3, 
4.11, 4.13, 4.14, 4.17 and 4.22) are multiplied by a 
factor of 4.0. The remaining equations and the reactor 
fluid equations are unchanged.
Table 7 shows the change in benzene yield as a 
result of using the. modified kinetic model. An average 
improvement of about 6.5 per cent is obtained in most of 
the cases investigated. A remarkable increase in ben­
zene yield of about 20% is gained, however, for an 
initial reactor fluid temperature of 500°K. This imp­
rovement in product yield is quite important since it 
shows that the effect of modifying the mathematical des­
cription of the cooperative reaction step is most signi­
ficant for conditions of chemical reaction control 
(i.e. when transport effects are insignificant). In 
the light of the substantial difference between benzene 
yields obtained over composite pellets (using the ori­
ginal kinetic model) and a physical mixture of discrete 
pellets under conditions of chemical reaction control 
(cf. Figures 30 and 31), this observation in fact 
corroborates the validity of the modified kinetic model. 
This improvement in the accuracy of representation of
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Table 7, Results of Modifying Cooperative Reaction 










1.1 Non-isothermal, Tp = 
2200OK, T = 9 secs.
Dg = 4 X 10-7 m2/sec, 
km = 0.04 m/sec,
e.= 0.1 0.659068 0.696921 + 5.743
1.2 Same as 1.1, e = 0.3 0.692763 0.735482 + 6.166
1.3 G = 0.5 0.700274 0.747612 4 6.760
1.4 ” G = 0.7 0.694827 0.747147 + 7.530
1.5 ” G = 0.9 0.669159 0.720922 + 7.736
2.1 Same as in 1,
G = 0.5, De = 8 X 10-5 
m2/sec 0.704994 0.751207 t 6.555
2.2 Same as 2.1,
Dg = 8 X 10~G m2/sec 0.704832 0.751044 + 6.556
2.3 Same as 2.1,
Dg = 1 X 10-7 m2/sec 0.691315 0.737863 + 6.604
3.1 Same as 1.1, g = 0.5, 
Tf^ = 500°K 0.407340 0.488202 +19.851
the mathematical model is shown more clearly in Figure 33 
which exhibits the results of optimisation of benzene 
yield with respect to e for different modes of reactor 
operation. Comparison of Figures 33 and 30 shows that 
the improvement in benzene yield, brought about by inc­
luding the factor 4.0 in the cooperative reaction rate
4c(l-E) e(l-c)






Figure  33 Yield of benzene as a function of uni­
form catalyst composition (composite 
pellets y reduced and modified kinetic 
model). Curve adiabatic; curve  2 ,  
non-isothermal; curves  3 and  4 ,  
isothermal^ no film mass trans fer 
re sis tana e; curve 5j isothermal^ 
chemical control.
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conditions.of chemical reaction control. For these 
conditions, the yield is now more compatible with the 
prediction of the mathematical model for a discrete 
mixture of separate pellets (cf. Figures 33 and 31). 
Furthermore,, the general improvement in benzene yield 
for conditions of prevailing mass and heat transfer 
effects emphasizes the superior nature of compounded 
catalyst particles in comparison to a physical mixture 
of separate particles. This is clear from comparison 
of the relevant curves in Figures 33 and 31.
Finally, further evidence in support of the modifi­
cation of the mathematical description of the reaction 
step B ^ F is found in the slight shift of the position 
of the optimum benzene yield, especially for conditions, 
of chemical reaction control (curve 5), which now occurs 
for a uniform value of e of 0.7 rather than 0.6. This
shows further agreement and consistency with the kinetic
model of Jenkins and Thomas^ (see Figure 31) which pre­
dicts an optimum for e = 0.75.
4.4 OPTIMUM CATALYST COMPOSITION PROFILE
A study of the literature pertaining to optimisation 
of product yield with respect to the bifunctional catalyst 
composition shows that attention had, in general, been 
confined to treatment of systems of relatively simple 
chemical reactions and chiefly in the absence of transfer 
e f f e c t s . >26 Theoretical and experimental optimi­
sation has been carried out, however, for complex refor­
ming reactions occurring over a discrete mixture of
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pellets^ but in the absence of mass and heat transfer 
effects. Furthermore, Al-Samadi et.al.^° have reported 
the results of optimisation of benzene yield with res­
pect to catalyst composition profile (i..e. unconstrained 
e) for the case of composite pellets supporting the com­
plex reforming reactions illustrated in Figure 1. Due 
to the excessive computational effort involved, this 
exercise was confined to conditions of chemical reaction 
control. It was shown that a catalyst preparation, 
involving pure hydrogenation-dehydrogenation catalyst 
(i.e. type X) in the initial section of the reactor and 
a uniform composition e of about 0.6 occupying the 
second part of the reactor, appeared to constitute an 
optimum choice.
Having reduced and modified the kinetic scheme des­
cribing reforming reactions over composite pellets (ref. 
Fig.32), an attempt may now be made to determine the 
optimum benzene yield given by a two-stage falling pro­
file (of the type discussed above) for conditions of 
prevailing mass and heat transfer effects where the 
reactor is operated non-isothermally. This two-stage 
optimum profile may not necessarily represent the abso­
lute (i.e. global) optimal policy. Nevertheless, it 
will be useful because it will throw light on the order 
of magnitude of the improvement gained in comparison to 
the choice of an optimum uniform catalyst composition 
(see Figure 33). Furthermore, the method of selecting 
such optimum two-stage falling profile is especially
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attractive, in view of the relatively low computational 
effort incurred, since it merely involves univariant 
searches^® for the optimum over regions where it is 
intuitively expected to occur. This simple procedure 
also assumes, that, for any given set of conditions, the 
curve obtained by plotting benzene yield versus c is 
unimodal (i.e. possessing one maximum only). This is 
evident from previous optimisation studies with respect 
to the uniform catalyst composition e (see Figures 30 
and 33). Furthermore, the number of computations is 
reduced by confining the searches for the optimum to 
regions where e % 0.5 in both stages of different e 
within the reactor. This is also based on previous 
studies since the optimum constant catalyst composition 
e was found to have a value of approximately 0.6. In 
order to obtain the optimum two-stage profile of e, 
solution of the pellet and fluid equations over the 
entire length of the reactor was repeated 42 times.
This process required approximately 1 hour of the 
central processor time of an ICL 4-50 computer. This 
is quite reasonable in comparison to the extremely ex­
cessive computational effort required to find the global 
optimum for similar conditions of prevailing mass and
heat transfer effects.^®
\
The results of the simple optimisation procedure 
described above are listed in Table 8. It is clear 
from an examination of these results that a two-stage 
sub-optimal profile occurs when the pure hydrogenation- 
dehydrogenation catalyst (i.e. type X, corresponding to
165
Table 8 Computed Optimum Two-Stage Falling Profile 
of e for Composite Pellets
M
tr* BENZENE YIELD
































o 0.9 0.750601 0.751428 0.749018
1.0 ■ 0.753548 0.754735 / 0.753034
Z/L Range = 0.5 -- 1.0
o 0.5 0.747612 0.748068 0.745159











Z/L Range =0.6 ■- 1.0
O 0.5 0.747612 0.747887 0.744868
0











* ,The results listed above have been obtained for non-
foisothermal reactor operation, with: T^ - 2200 K, T
773^K, T = 9 sec, - 4 x 10  ̂ rn^/sec, = 0.04 m/sec.
** Maximum value of benzene yield corresponding to c = 1.0 
in first half of reactor and e = 0.6 in second half.
Çcf. 0.749061 given by constant optimum g of 0.6).
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e = 1.0) occupies the first half of the. length of the 
reactor while the second half is occupied with composite 
catalyst pellets of uniform composition e of 0.6. This 
two-stage profile is shown diagramatically in Figure 34.
1
Q - 6
0 0 Z/L 1
Figure 34 Sub-optimal Two-Stage Profile of e for 
Composite Pellets
It is worth pointing out that the sub-optimal pro­
file depicted in Figure 34 is, in fact, similar to the 
optimal profile obtained from a more rigorous optimisa­
tion procedure,2® using Pontryagin’s Maximum Principle, 
but for conditions of chemical' reaction control. This 
similarity offers further support for the observation 
that introduction of mass and heat transfer effects 
causes little change in the position of the optimum (see 
Figures 30, 31 and 33). This is useful since solution 
of quasi-homogeneous models requires a relatively small 
computational effort.
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Finally, it is worth pointing out that the improve­
ment in benzene yield obtained using a sub-optimal two- 
stage catalyst composition profile, rather than an opti­
mum uniform catalyst composition, is a mere 1 per cent 
(i.e. 75. 69%. rather than 74.91%). In view of the sub­
stantial increase in costs which would occur by using 
an undiluted platinum supported catalyst in the first 
half of the reactor, it is recommended that an optimum 
uniform packing should be used in practice. Apart from 
the fact that the latter mode of packing is cheaper and 
more practical, the two-stage packing described above 
also entails an overall lowering in product yield since 
formation of cracked products is enhanced (because e =
1.0 in first section of reactor, also see Figure 32).
If an optimum uniform catalyst preparation is used 
(e = 0.6 throughout the reactor), on the other hand, a 
small fraction of the initial reactant A (viz. methyl 
cyclo-pentane) will remain unconverted at the reactor 
outlet. This may subsequently be utilized, after phy­




DYNAMIC BEHAVIOUR OF A REFORMING REACTOR
5.1 INTRODUCTION
It is evident from the steady state analyses given 
in Chapters 3 and 4 that a bifunctional reforming cata­
lyst, prepared by compounding the two active species 
into single catalyst particles is, in practice, superior 
to a preparation involving a physical mixture of discrete 
particles. Furthermore, it was demonstrated in Chapter 
4 that the simplified kinetic scheme illustrated in 
Figure 32 provides an accurate description of the refor­
ming reactions occurring over composite particles.
Despite this simplification, however, the overall com­
plexity of this reaction scheme means that the solution 
of a fully distributed dynamic model of the catalyst 
pellet would still be far too demanding in terms of 
computer memory and execution time (i.e. in excess of 
1 hour on an ICL 4-50 computer). Moreover, the unsteady 
state mass and heat balances over the pellet must be 
solved concurrently with the unsteady state balances 
over a reactor fluid volume element since the main 
interest is to study the behaviour of the reactor when 
subjected to perturbations in operating conditions (e.g. 
fluid temperature and composition and temperature of 
cooling medium). Therefore, solution of complicated 
mathematical models of the catalyst particle and the 
reactor would be so uneconomic that their use would have 
to be restricted and a general study of the reactor
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dynamics would therefore not be feasible.
Since the main objective of mathematical modelling 
is to arrive at a reasonable mathematical description 
of the physical and chemical processes which govern the 
design of equipment, the complexity of the mathematical 
models employed must therefore be a compromise between 
the accuracy with which such models describe the system 
under consideration and the cost of using them to study 
the behaviour of the system for various operating con­
ditions. For these reasons, many simplifying assump­
tions will be employed in order that the mathematical 
models proposed to describe the dynamic behaviour of the 
reactor may be solved economically. These simplifying 
assumptions, already pointed out in Section 1.2.4, 
include the isothermality of the composite pellet, fully 
discussed and treated in Section 2.2.1. The concentra­
tion profiles within the pellet are also assumed to 
exist at a pseudo-steady state (i.e. there will be no 
transient terms in the unsteady state equations for the 
pellet). This assumption originates from the physical 
properties of most catalyst beds since the mass capacity 
of the catalyst pellet is much smaller than its thermal 
capacity. Consequently, the rate of change of the con­
centration Nprofiles is much greater than the rate of 
change of temperature of the catalyst p e l l e t . F u r ­
thermore, fluid temperature and composition profiles are 
assumed to exist at a pseudo-steady state when compared 
to the relatively small residence time of fluid within 
the reactor.^® This is because the thermal and mass
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capacities of the reactor fluid are much smaller than 
those of the. catalyst bed. The dynamic model of the 
reactor therefore reduces to the steady state model 
whose solution is repeated for each time step.
The result of making these assumptions is to 
reduce considerably the time required for computation 
and the computer memory demand since information need 
not be stored over the whole time period investigated. 
Instead; a record of data over a preceding time step 
will be kept and updated as integration is continued in 
the time domain.
5.2 UNSTEADY STATE MODEL FOR COMPOSITE PELLETS
In Section 4.3, it was demonstrated that a modi­
fication of the mathematical description of the coopera-
X&Ytive reaction step (B F) of the reduced kinetic 
model (illustrated in Figure 32) provides an accurate 
picture of the reactions occurring over composite pellets 
Employing this modified kinetic model and bearing in mind 
the simplifying assumptions outlined above, the unsteady 
state mass balances over a porous, spherical composite 
bifunctional pellet of radius R^ become:
1 6 ÔC.
 (D - ^ )  - £(k + k ) C. + E k C% = 0 (5.1)R 6 R ® 6 R  1 i A z a
1 ,6 6C„
 ( D  ) + e k-, C. - {c k_ + 4 e(l - e) k^}-
R 6 R ® 6 R   ̂ ^  ̂ /
Cg = 0 (5.2)
1 6  6Cp
  (D ---- ) + 4 E (1 - e) k_Cn = 0 (5.3)
R 6R  ̂ 6 R / a  ■
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The unsteady state heat balance is;
5T^ 3h 3 k
'p. it - "f - •'P • i f  ‘n ('At - 'a. •
^B£ ” B̂ŝ  “ *̂ 3̂ ‘̂ F̂£ " ^Fs^} (5*4)
Where and c^^ represent the effective density and 
heat capacity of the composite pellet whose numerical 
values are taken to be 4087.3 kg/m^ and 0.98 kJ/kg°K 
respectively. The subscript s refers to conditions at 
the pellet surface while the subscript f implies fluid 
conditions. Is defined by equation (4.16), whereas
y^ - representing the net molar heat of reaction due to 
component B, Fig.32 - has replaced y2 (see equation 
4.17),in the reduced but unmodified kinetic model and 
is given by the following expression:
(-AH_).4 e(l - e) k_ - 9) e- k9
y- = ---- 1--------------- 1------- ^ -----   (5.5)
4 e(l - e) ky
The independent variable t in equation (5.4) represents 
the time domain. All remaining symbols have their 
usual significance. The boundary conditions apposite 
to equations (5.1) to (5,4) inclusive are:
dC.




De 7 ^  = ^m (Cjf - Cj); j = A, B and F, R = R^, t > 0 (5.7)






at t = 0; 0 < R < Rg (5.8)
It must be noted, however, that the fluid tempera­
ture and composition, appearing in the unsteady state 
heat balance (viz. equation 5.4) and boundary condition
(5.7) are variables with respect to time, as well as 
position along the reactor. In order to integrate 
equation (5.4), arithmetic averages (or linear interpo­
lates) of fluid conditions should therefore be computed 
over each time step. Further details of this procedure 
will be given in Section 5.4.
5.3 PSEUDO-STEADY STATE ONE-DIMENSIONAL REACTOR MODEL
As already pointed out in Section 5.1, the relatively 
small mass and heat capacities of the reactor fluid means 
that fluid composition and temperature profiles may be 
assumed to exist at a pseudo-steady state, in comparison 
with the relatively small residence time.^® The mass 
and heat balances over a reactor fluid volume clement 
therefore reduce to a set of steady state equations simi­
lar to those given in Section 3.2. Bearing in mind the 
various assumptions discussed in Section 1.2.4, these 
equations are:
d C.f
e u --- —̂  = - M j ; j = À , B o r F  (5.9)
d Z
- 4 h*
® “ P£ —  = - »  ̂ - T p  (5.10)
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Where the mass and heat transfer rates due to chemical 
reaction (viz. Mj and H respectively), obtained from 
solution of the unsteady state model of the composite 
pellet, are as defined in equations (4.20), (4.22) and 
(4.23). In this case, however, they represent arith­
metic averages over each time step (see Section 5.4).
The remaining parameters in equations (5.9) and (5.10) 
have their usual significance. As before, the boundary 
conditions which are applied to these equations at the 
reactor inlet are:
Cj£ — ^jfo » I " A , B or F at Z — 0 (5.11)
T^ = T^Q at Z = 0 (5.12)
While equations (5.9) to (5.12) inclusive exhibit spatial 
variation of fluid composition and temperature, it should 
be remembered that these fluid conditions are also, 
indirectly, dependent on time subsequent to the distur­
bance. Clearly, this is because the terms Mj and H in 
these equations are functions .of the time-dependent uni­
form composite pellet temperature (T^), as shown in 
equation (5.4). Integration of equations (5.9) and
(5.10) over the whole reactor length is therefore repea­
ted for each time interval until the new steady state is 
reached.
5.4 SOLUTION OF SIMPLIFIED DYNAMIC MODELS
It is clear from examination of the differential 
mass and heat balance equations presented in Sections
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5.2 and 5.3 that, when a perturbation in the fluid tem­
perature or composition is introduced at the reactor 
inlet, the subsequent dynamic changes in pellet and 
fluid conditions are manifested by the unsteady state 
differential heat balance over the pellet (viz. equation 
5.4). Since the pseudo-steady state mass balances over 
the pellet and mass and heat balances over the reactor 
are exactly as described before (Sections 4.2.1 and 
3.2), the numerical methods used for their solution 
will also remain unchanged (i.e. Eigen-Value method 
and Runge-Kutta-Merson algorithm). Furthermore, since 
the unsteady state heat balance over the pellet is rep­
resented by a non-linear first order ordinary differen­
tial equation (viz. equation 5.4), this equation may 
also be solved using the efficient Runge-Kutta-Merson 
algorithm, thereby eliminating the need to use numerical 
methods whose suitability has not already been verified.
In order to determine the initial conditions for 
the dynamic model (see equation 5.8), the steady state 
models of the catalyst pellet and the reactor are solved 
numerically as before (Chapters 3 and 4). • Solution of
the steady state models will therefore provide numerical 
values of the uniform composite pellet temperature and 
surface concentrations as well as fluid conditions 
throughout the reactor. Dynamic changes in the spa­
tially distributed state variables, resulting from a 
perturbation in fluid temperature or composition at the 
reactor inlet, are then estimated from the following 
sequence of computations:
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i) At t = 0, a disturbance is introduced at the reac­
tor inlet (e.g. a step increase or decrease in
fluid temperature, i.e. Tf ff , where the^0,0 ^0,0
first subscript of refers to the number of 
increments (AZ) along the reactor, whereas the 
. second siabscript defines the time interval (At)).
ii) Substitute the new value of Tf^  ̂ (viz. ^),•*■0,0 -̂ 0,0 '
with the initial (i.e. steady state) values of 
Tso Q, Cjsg o and Q, into the unsteady state
heat balance over the pellet (viz. equation 5.4) 
in order to calculate the derivative of the pellet
d Tstemperature with respect to time (viz. ----  I ).
dt O'O"
This enables integration of equation (5.4) using
the Runge-Kutta-Merson algorithm. Thus, the value
of the uniform pellet temperature after the first
time interval (viz. T- )̂ is found.So,I*'
iii) This temperature (Tg^ is then substituted into 
the mass balances over the pellet (viz. equations
5.1, 5.2 and 5.3) whose solutions will yield numeri­
cal values of the surface concentrations C;^ , andJSOpl
also Y2 and. y^. These parameters (viz. Cjg^ ^, y^ 
and y^) will now act as initial conditions for the 
next integration step (in the time domain) at the 
reactor inlet.
(iv) Calculate the arithmetic averages of mass and heat 
transfer rates over the first time interval at the 
reactor inlet, as follows:
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3(1 - e) d C. d C.
Mj =    . I-(--- 1 I ^ I R ) ;
Rs dR dR
j = A, B and F (5.13)
3(1 - e) h
H = ------------ {T. - i (T^ + T )} (5.14)
0,0 0,0 0,1
v) Use the numerical values of the average mass and
heat transfer rates (i.e. Mj and H respectively)
with the boundary conditions at the reactor inlet
(viz. C-if , Tf ) in order to integrate the J ̂ o , o ^o, o ^
pseudo-steady state mass and heat balances over 
the reactor fluid (viz. equations 5.9 and 5.10) 
using the Runge-Kutta-Merson algorithm. This will 
provide numerical values of the fluid temperature 
and composition at the next axial position in the 
reactor at the end of the first time interval 
(viz. and .
vi) In order to solve the unsteady state heat balance 
over the pellet (viz. equation 5.4) at the end of 
the first spatial increment along the reactor (i.e. 
position 1), average values of the fluid conditions 
over the current time interval are provided (i.e. 
l(Tfi o + Tfi and S(Cjf^ ^ + Cjf^ respectively)
vii) If Z < L, repeat from step (iv), after updating the 
necessary parameters, by integrating with respect 
to axial position at a given point in time.
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viii) If t < repeat from (iii) after updating t
(i.e. t^ = i.At).t^ is the time lapse before the 
system approaches the new steady state (i.e. when 
the solution becomes constant).
Apart from the two new parameters and 
whose numerical values have been given in Section
5.2, the necessary data used in solving the dynamic 
models of the pellet and the reactor are exactly as 
for the steady state models (see Tables 2 and 5). 
Figure 35 is a flow diagram illustrating the logical 
steps involved in solving, numerically, the simpli­
fied dynamic models of the composite pellet and the 
reactor as a whole. Appendix 5.1, on the other 
hand, lists the FORTRAN IV statements of the compu­
ter program which solves these dynamic models.
5.5 GENERAL DISCUSSION OF THE RESULTS AND CONCLUSIONS
5.5.1 Stability and Accuracy of the Results
As already pointed out, one of the main advantages 
of the simplified dynamic model described in the fore­
going sections of this chapter is the low core storage 
requirement. It is clear from the discussion given in 
Section 5.4 that information relating to pellet and fluid 
conditions need only be stored for the preceding time 
interval, and updated as integration is continued in the 
time domain. In comparison to a fully distributed dyna­
mic model, the central processor time requirement is 
also relatively small. Numerical tests showed that.
ourpur
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Figure 35 Flow diagram for numerical solution of 
the one-dimensional dynamic reactor 
model.
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in order to achieve an accurate convergent solution, it 
is necessary to use a relatively small integration time, 
step (At). Clearly, this entails ai> increase in compu­
ter time since the time lapse before the new steady 
state is reached (viz. t^) is relatively large. Even 
when a time sLep of 1 second was used, the solution of 
the dynamic model oscillated severely before convergence. 
For this particular case, the required central processor 
time of an ICL 4-50 computer was in excess of 1 hour. 
Since the Runge-Kutta-Merson integration routine is 
known to be reasonably stable under normal circumstances, 
it was concluded that, in order to carry out the neces­
sary study of the dynamics of a reforming reactor, a 
faster computer should be used. The same computer pro­
gram was therefore run on a CDC-6600 computer. This 
enabled a thorough study of the stability and accuracy 
of the numerical methods employed and the unsteady state 
performance of the reactor for a wide range of operating 
conditions.
Figure 36 illustrates graphically the response of 
the fluid temperature at the reactor exit (vi%. T^^) to 
a 25°K step increase in the initial reactor fluid tem­
perature (T^ ) for a range of integration time steps 
o
(i.e. 1,0, 0.5, 0.2 and 0.1 seconds). The oscillations 
manifested in curves 1 and 2 demonstrate clearly the 
instability of the method and the inaccuracy of the 
results for values of At of 1.0 and 0.5 seconds respec­
tively. Curves numbered 3 and 4, on the other hand, 
show that while the solution becomes stable for At  ̂ 0.2
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Figure Z6 Transient response of the fluid tem­
perature at the reactor outlet ( T )
o .to a 25 K step increase in the fluid
temperature at the reactor inlet (T^^)
for a wide range of the integration
time interval (At).
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sec., the accuracy of the results may still be improved 
using smaller values of At. Further numerical tests 
showed that the stability of the integration method and 
the accuracy of the results also depend on the nature 
of the perturbation and operating conditions. In par­
ticular, it was found that a step change in the reactant 
concentration and step changes in the fluid temperature 
and composition (when e = 0.99) necessitated the use of 
a time step as small as 0.01 sec. in order to achieve an 
accurate convergent solution.
However, the computational effort may be reduced 
considerably by employing a non-uniform integration 
time step (At). Since the derivatives of temperature 
and composition with respect to time have largest mag­
nitudes immediately after the introduction of a distur­
bance, it would be reasonable to use a fairly small 
initial value of At which may then be increased (e.g. 
doubled) gradually, as integration is continued, thus 
saving valuable computer time. Numerical tests showed 
that it is best to start with At = 0.01 sec. which is 
then doubled after every 500 integrations. Using this 
non-uniform time step, an accurate convergent solution 
was obtained for all the cases studied within an average 
of 15 minutes of the central processor time of the CDC- 
6600 computer.
5.5.2 Discussion of the Results
Having explored the circumstances for which the 
numerical methods (used to solve the dynamic model of
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the reactor) produce reliable results, attention is now 
focussed on the significance of these results. While 
the transient behaviour of the reactor was studied for 
a wide range of operating conditions, this discussion 
will, however, be confined to a consideration of cases 
which are important in practice. Furthermore, it is 
not necessary to include or discuss the transient con­
centration and temperature profiles since, at any point 
in time, these profiles are very similar to the steady 
state profiles discussed in Chapter 3.
Figures 37 to 40 inclusive show the transient res­
ponse of the fluid temperature at the reactor outlet to 
step perturbations in inlet fluid conditions and the tem­
perature of the heating medium for two different modes 
of reactor operation (viz. non-isothermal and adiabatic 
policies). It is clear that in all these cases, the 
order of magnitude of the change in with respect to 
time is substantially smaller than that of the pertur­
bation. This entails absence of parametric sensitivity 
(or instability due to alternative stationary states) in 
all the cases investigated. Depending on the nature of 
the perturbation, therefore increases or decreases
gradually and without oscillation. This conclusion, 
regarding the general stability of reforming reactors 
packed with composite bifunctional catalyst pellets, is 
in agreement with the results obtained from a steady 
state stability analysis (see Sections 2.2.2 and 3.4).
As pointed out already, the general stability of such 
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25^K step increase and decrease in T
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Figure 33 Transient response of (non-isothermal
reactorJ composite pellet packing\to a 
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Figure 29 Transient response of (non-isothermal
reaotorj composite pellet packing^ z = 
0,5) to a 5% step increase and decrease 
in the temperature of the heating medium 
(Tĵ ). Non-uniform At (0.01 sec^ doubled 
after every 500 integrations)
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Figure 40 Transient response of (adiabatic
\ reactor^ composite pellet packing^ e = 
0.5) to a 25^K step increase and decrease 
in T£^ and a 5% step increase and dec­
rease in • Non-uniform At (0.01 sec^
doubled after every 500 integrations)
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of the reforming process.
Closer examination of Figure 37 shows that for a 
non-isothermal reactor which is subjected to 25°K step 
increase and decrease in inlet fluid temperature ,
the time lapse before conditions approach the new steady 
state (i.e. at t^) is increased substantially when e is 
increased from 0.5 to 0.99. This may be explained by 
the lower endothermie reaction rate for such a high 
value of e (viz. 0.99). The dotted horizontal lines in 
curves 1 to 4 represent the value of T^^ at t^. The 
same effect (i.e. larger t^ for e = 0.99) also occurs 
when a 5% increase and decrease in reactant concentra­
tion is introduced at the reactor inlet (see curves 1 
to 4, Figure 38). It is clear from a comparison of 
curves 1 and 2 (and curves 3 and 4) in Figure 38 that 
as is increased, the fluid temperature within the
reactor (exemplified by T^^) is lowered as a result of 
the increased endothermie reaction rate, and vice versa, 
the fluid temperature is raised as a consequence of 
decreasing since the overall rate of endothermie
reaction is lowered.
The effect of a 5% increase and decrease in the 
temperature of the heating medium (i.e. is illustra­
ted in Figure 39. As for the case of step changes in 
T£^ in a non-isothermal reactor (i.e. Figure 37), Figure 
39 shows an overall increase and decrease in the reactor 
fluid temperature (T£l )> respectively.
The transient response of T£^ to step changes in
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and C^£q in an adiabatically operated reactor is 
illustrated by curves 1 to 4 in Figure 40. It is clear 
that T££ in this case is substantially lower than for 
the non-isothermal case (cf. Figures 37 and 38). This 
is, of course, because the adiabatic model does not 
allow for any. heat exchange with the surroundings and, 
therefore, the endothermie reforming reactions are sub­
stantially quenched. As pointed out in Section 3.4, 
industrial reforming reactors are not operated in a 
strictly adiabatic manner since usually 3 or 4 relatively 
small units are arranged in series with interposed re­
heaters in order to prevent the reaction temperature 
from dropping below the relatively high desired values. 
Such operation may therefore be approximated by the non- 
isothermal models, already discussed, which incorporate 
continuous heating of the reactor fluid. One of the 
main features of the transient curves in Figure 40 is 
the slow response of T^^'to perturbations in T^^ and 
CAfo ill comparison to the non-isothermal case illustra­
ted in Figures 37 and 38. Using the same criterion for 
convergence as for the previous cases (viz. relative 
absolute error < 10 ^), this slow response in the adia­
batic case may be attributed to the relatively low reac­
tion rate caused by the low fluid temperature within the 
reactor. Another interesting feature of the transient 
response of T^^ in the adiabatic case is demonstrated by 
curves 1 and 4 in Figure 40. Curve 1 shows that, for a 
5% step increase in C^^^, T^^ drops sharply immediately 
after the perturbation and then rises slowly until it
5 2 , 5 3
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reaches the new steady state value marked by the dotted 
line. Conversely, curve 4 shows that, for a 5% step 
decrease in C^£q > initially rises sharply and then
drops slowly as t approaches t^. This behaviour is, 
of course, different from the non-isothermal case (see 
' curves 1 and 2, Figure 38) where T^^ drops (or rises) 
monotonically with respect to time. The behaviour of 
T££ in the adiabatic case may, however, be explained by 
considering the interaction between fluid concentration 
of reactant (viz. C^^) and fluid temperature (T^) in the 
absence of an external heat source. As C^£^ is reduced 
(see curve 4, Figure 40), the overall rate of the endo­
thermie reactions is also reduced, thus causing a sudden 
increase in fluid temperature within the reactor, since 
a smaller quantity of heat needs to be supplied by the 
fluid to the pellet to sustain chemical reaction.
However, this increase in the fluid temperature results 
in an exponential increase in the rate of endothermie 
reactions and thus causes the subsequent sharp decline 
in T££. a  similar argument may be employed to explain 
curve 1. Furthermore, this behaviour is not experienced 
in a non-isothermally operated reactor since, following 
the rise in fluid temperature as a result of reducing 
^Afo^ the increased rate of endothermie reactions is 
sustained by the heat supplied across the reactor tube 
wall whose effect is propogated towards the reactor out­
let. This causes further, monotonie increase in Î££
(see curve 2, Figure 38).
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APPENDIX 5 . 1  . '
A FORTRAN IV COMPUTER PROGRAM FOR 
SOLVING THE DYNAMIC MODEL
PROGRAM L NST D3 ( I NPUT , T APE^ - I NPUT , OUTPUT, TAPE6=0UTPUT)
C  ̂ *  THI S FRUGk A.T s i m u l a t e s  STEACY STATE ANO [ YNA" I C BEHAVIOUR OF A
C TUBULAR REhCTu R PACKED WITH COMPOSITE -3 J PUNCTI  ON AL CATALYST
G . PELLETS.  THI S I S CONE EY I NTEGRATI NG THE FI RST GRUER CRCINARY
C ' DI FFERENTI AL E0UATIÛN3 DESCRIBING MASS AND HEAT TRANSFER
C ALONG THE REACTOR.
Gi î . ENSI ûN TUL (-+) ,Z(1.G1)  , YY( 37 G)  , ZZ ( 370)  •
CI . l ENSI ÜN I T I  rLE( 3)  , NUM( 3)
COMMON 8CrA( : ; )  , Y( A)  , T P ( 2 , l G ' 0 ) i T F ( 1 0 n )  ,CS ( 3 , 1 ^ 0 )  , C F ( 3 , 1 0 C )  , C F S 1 3 ( 3 )  
; GA MMA 3 ( 1 J 0 ) , G A M M A 4 ( l i O ) , T F S L 3 , R O S , C P S , R S , A K w , H , T H ; J ; M , L T É S T  
DATA I T I T L E  / iOHCONC.  ANÛ , lOHTLMP,  PRÔF , 1 0 H I L £ S ^ - E 9 9  /
OAT A I 3LAMK / I H  /  .
W R I T : ( 6 , 111)
101 F ORMAT( I H l , ' STEADY STATE SOLUTI ON; TI ME AFTER DISTURBANCE = 0 . C SEC 
I S ' / )
WRI TE( 6 , 1 0 2 )
102  FORMAT f l H  , 3 IX , ' Z ' , 1 0 X , ' T P ' , 1 0 X , ' T F ' , 1 0 X , ' CAF • , IQ X , ' CBF » , 1 0 X, ‘ CFF ' 
1 J P. X , • K • /  )
C ♦ ♦ I N I T I A T I N G  THE GRAPH PLOTTER ROUTI NE,
CALL START 
P A R A M = - l , r
C *  *  SETTING UP I N I T I A L  TI ME STEP S I Z E ,  
u: LTAT = 0 . : i
C  ̂ ♦ SETTING UP I N I T I A L  ESTIMATE OF TIME STEP SI ZE,
T': STIM = C. (J02
C *  *  I N I T I A L  VALUE OF TOTAL TIME FROM DISTURBANCE.
T OTTI M=0 . 0
C * *  I N I T I A L  VALUE OF REACTANT FLUI D CONCENTRATION BEFORE DISTURBANCE.  
CFAO1=0,  CCOIL 8 81
C » » i r - I I I A L  VALUV. OF REACTANT. FLUI D CONCENTRATION AFTER DISTURBANCE.
C F a C 2 = U . GÜL1k l 3 7  
c * *  SETTING UP I N I T I A L  VALUE OF R..ACTOR LENGHT.
X= 3 , 0
C *  *  SETTING UP I N I T I A L  VALUE OF A COUNTER FOR THE NUMBER OF
C I NTEGRATIONS I N THE TIME DOMAIN.
M=Ci
C *  *  SETTING UP THE I N I T I A L  VALUE OF A COUNTER FOR THE NUMBER OF
C INTERVAL HALVINGS I N THE RUNGE-KUTTA-MERSON' S ALGORITHM.
K=ü
C * *  p a r a m e t e r  d e t e r m i n i n g  NUMBER OF SYMBOLS ON EACH CURVE PLOTTED.  
L1NETP=- 1
C * *  PARAMETER DETERMINING NUMBER OF RESULTS( I , E  CONCENTRATION AND
C TEMPERATURE PROFILES)  TO BE PRINTED IN THE TIME DOMAIN.
LJ=EOn
C * *  I N I T I A L  VALUES OF PARAMETERS CAUSING PROGRAM -TO STOP ON
C CONVERGENCE TO STEADY STATE.1. L = 0 
L (I = '
C *  COUNTER OF NUMBER OF INCREMENTS ALONG REACTOR.
J= 31 J=J+1
C * *  SUBROUTINE TO FIND PELLET TEMPERATURE, PELLET SURFACE CONDI TI ONS  
C ANO MASS and h e at  FLUXES.
2 C^LL STEADY
Ml E.b I = (M + 1 ) / L J
C  ̂  ̂ PARAMETERS DETERMINING TRUNCATION ERRORS I N RUNGE-KUTTA-MERSON' S 
C ALGORITHM,
191
..............  DO 3 1 = 1 , 3
3 T ( L ( I ) = 1 . [ £ - 1 4  
T u L ( 4 ) = l , U L - C 6
C » *  Cl Ml NSI ONLESS REACTOR LENGHT.
Z ( J ) = X / 3 c l . .
I F ( M . G T . O )  CFAJ1=CFA0 2 
C ^ *  ÜI MLNSI ONLESS CONCENTRATIONS OF A, B ANO F.ÜÜ 4 1=1,0
4 C F ( I , J ) = Y ( I ) / C F A O i
C *  + OJ HzNSI UXLESG FLUI D TEMPERATURE.
TF ( J)  =Y ( 4 ) / 2  0r. G. 0 
I F ( P A R A M , G T . : )  LM=LM+1  
I f ( L M . G l . 1) GOTO 5 
1 F ( I A 5 S ( M ~ N T [ S T » L J ) . G T . 0 )  GOTO 6
5 WR I T E ( 0 , 1 0  3) X , T P ( 1 , J )  , Y ( 4 )  , ( C F ( I , J )  , 1  = 1 , 3 ) ,  
10 3 F O R M A T ( 2 E X , 1 F 9 . 2 , 2 X , 2 ( F i a . 2 , 2 X )  , 3 F 1 3 . 6 , I 6 )
6 I F ( X . G E . 3 0 9 . E) GOTO i  
L i E S T = 4
C *  *  I NTEGRATI NG CAF. CBF, CFF AND TF.
CALL KUTMl R ( L T l 3 T , X , Y , 1 . 0E + Ü 1 , 1 . 0 E  + G0 , T OL , K)  
I F ( M . G T . O )  GOTO 18
GOTO 1
7 I F ( L M . G T . l )  GOTO 8 
i F ( I A C ? ( M - M T L [ T * L J ) . G T . O )  GOTO 15
G ♦ ♦ PREPARI NG ARRAY FOR PLOTTI NG CONCENTRATION AND TEMPERATURE 
C PROFI LES.
8 DO 9 1 = 1 , 59 NU!l(I)=J
00 11 L = l , 5  i
DO 13 1 = 1,  J -
10 27 V ( L - l ) + J  + I ) = Z ( I )
11 CONTINUE
00 13 L = l , 3  
DO 12 1 = 1 , J
12 VY ( ( L - 1 ) * J  + I ) = C F ( L , I )
13 CONTI NUE
DO 14 1 = 1 , J 
Y Y ( 3 * J + I ) = T F ( I )  ■
14 Y Y ( 4 + . + I ) = T O ( l , I ) / 2 0 0  0 , 0  
L l N c T F = L l N E T F + l
C » *  PLOTTI NG CONCENTRATION AND TEMPERATURE PROFI LES.
CALL G R A F ( Z Z ; Y Y , N U N , 5 , L I N E T P , I T I T L E , 3 0 , 1 BLANK, 1 , 5 . 0 , 5 . 0 )
CALL PLOT (8,  U. C.  0 , - 3 )
C ^ *  PREPARING LOOP FOR UNSTEADY STATE I NTEGRATI ON OF PELLET  
C TEMPERATURE.
15 I F ( L L . G T . 2 )  GOTO 25
I F ( M . E G . 9 9 9 9 9 ) GOTO 25 : -M = N + 1
TOTTI M = TCTTI f * f  DELTAT 
I F ( P A R  AH, GT.  C) GOTO 16  
1 F ( I A D S ( M - M T E S T ^ L J ) . G T c C )  GOTO 1716 WR I T E(6,104)  TOT TIM
134  FGRhAT ( I h l ,  ‘ AFTER DISTURBANCE I N SECS = ' , F 7 . 2 / )
0 * *  S I T T I N G ' I N I T I A L  CONDI TI ONS AFTER APPLYI NG A STEF DISTURBANCE
C I N FLUI D TENFl RATURE, FLUI D CONCENTRATION OR TEMPERATURE OF
C HEATI NG MEDIUM.
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17 C F ( 1 , 1 ) = C F A 0  2
CF ( 2 , 1 ) - n . nCF(j,l)=C,&
TF(i)=773.C
Th=2200.0 x=],üU — 0 
• 18 J = J f lTIME= rOTTIM-CFLTAT (
T O L ( l ) = l , ü E - C 6  ^K=0
IF (J.EQ.1)
I F  ( " ‘
C ♦ ♦ SUB
I F ( a *  C1_« vI 
C ♦ ♦ SUPPLYI NG  
UO "
. E . l  GOTO 20 
( N . G T . l )  l FAl' 1 - CFA02
ROUr i NE TO TEST CONVERGENCE I N UNSTEADY STATE,
X . G E . 3 ? 9 . 9 )  CALL T E STCC ( J , TP , Y , C F , TF , FA R A M , C F A 0 1 ,  C F A 0 2 , M , L L ) 
I M  ARI THMETI C AVERAGES OF F L U I D  CONDI TI ONS OVER TI ME STEP*  
uu 19 1 = 1 , 3  
C F S U B ( I ) = Y ( I )
19  C P ( I , J )  = Ü , 5 * ( C F A 0 1 * C F ( I , J ) + Y ( I ) )
TFSU9 = Y ( 4 )
T F ( J ) = 0 . 5 * ( 2 0 0 0 . 0 * T F ( J ) + Y ( 4 ) )
23 Y ( l ) = T P ( 1 , J )
I r  — u * v  i c
Ü
L T E S T = i
C *  *  SUBROUTINE INTEGRATES PELLET TEMPERATURE KI TH RESPECT TO TIME 
AFTER DI STURBANCE.C
C *  *
CALL KUTMER ( L TE ST, T I  NE, Y , DELTAT , TESTI M , T O L , K )
. T P ( 2 , J )  =Y ( 1 )
I F ( I A E S ' M - h T E S T * L J T . G T . O )  GOTO 21 
I F  ( X .  LT .  3i?9. b) GOTO 21
DOUBLING TI ME STEP S I ZE AFTER LJ CYCLES CF I NTEGRATI ON.  
Ü ù L T A T = 2 . C^OELTAT 
T E S T I N = 2 . Q ^ T E S T I M  
I F ( J . E Q , 1) GOTO 2321 I  ( Q ,
DO 22 1 = 1 . 322 CF(I,J)=CFSUe(I) TF ( J) =TFSUB
23 no 24 1 = 1 , 3
24 Y ( I ) = C F ( I , J )  
Y ( - + ) = T F ( J )
* ^
25
I  I •  ; -  ! r  \  j  y
GOTO 2
ENDING GRAPH PLOTTER ROUTINE AND STOPPI NG SI MULATI ON.  




C *  *  T H I S  SUBROUTI NE DETERMINES PELLET TEMPERATURE I N  THE STRACY STATE 
C BY Li l y£AR I T L k ATION TO SOLVE THE ALGEBRA 1C HEAT' BALANCE EQUATI ON,
C 11 ALSO EVALUATES HEAT AND MASS FLUXES OVER SMALL REACTOR
C I NCRcMENTS.  MCKE ÜV £R, LHEN CALLr.D I N  THE UNSTEADY S T A T E , I T
C EVALUATES AND STORES CONDI TI ONS AT SURFACE OF PELLET FOR USE I N
C I NTEGRATI NG'  TIME DEPENDENT’ HEAT BALANCE EQUATION.
ÜI  i l LNSI ON A.-<R (4)  jOELT AE . AK( A) , AD ( 4)  , A ( 2 ,  2)  , KR ( 2) , R I  (C) , VR ( 2 , 2) 
l , V I ( 2 , 2 ) , I N r ( 2 ) , R ( 2 , l ) , A A ( 2 ; 2 ) , A N ( 3 , 2 , l D M , A N 5 U 0 ( 3 )
CUiU'ON B'EVA (D ) , r (^) , TP ( 2 , 1 ' ’ L ) , T F  ( i n  " ) ,CS ( 3,  IOC ) , CF ( 3 ,  IOC)  ;CFSUB (3)  
I . G mUHAS ( l u O)  , GaNMA‘+ (1 JO) , TFSUB,K.OS , C P S , R S ,  A K H , M , T H , J , M , L T E S T  
•• • I F (M.  G T . u )  GOTO 2
I F ( J . G T . l )  GOTO 1 
C *  *  I N P U T T I N G  ALL KI NETI C, THERMODYNAMI C, TRANSPORT AND PHYSI CAL  
C ' PARAMETERS OF SYSTEM.
R c A D C b . i u i )  ( Y ( I ) , I = 1 , 4 ) , ( A R R ( I ) , I = 1 , 4 ) , ( D E L T A E ( I ) , 1 = 1 , 4 ) , R S , THETA 
1 , L , D E , A K M , H , R G , Ü £ L H 1 2 , 0 £ L H 3 , C E L H 4 , U , TH, R T , R O , S P H T , HWO, AKE, ROS, CPS 
1 01  f o r m a t  ( 1 F 1 2 .  6 , Û X , 3 F 1 C . 4 / 4 ( £ 1 2 .  E , 8 X ) / h F 1 0 . 1 , 3 F 1 G . 4 / 4 F 1 0 . 4 , 4 F 1 G . 1 /  
1 2 F 1 0 . 2 , 6 F 1 C . 6 )
1 1 P 1 = Y ( 4 )
SH=2 . O+RS+AKM/ OE  
GuTO 3
2 TP1 = T P (2 , J)
C + *  EVALUATI NG RATE COEFFI CI ENTS,
3 l)0 ^ I - ' jl, 4
A K ( I ) = EXPCALOG( A P R ( I ) ) - ( O E L T A E ( I ) / ( R G * T F 1 ) ) )
C » » EVALUATI NG MODI FI ED THI ELE MCUULI .
4 A D ( I ) =  S G R T ( A K ( I ) / û £ )
C *  *  SETTI NG UP EL&MEN1S OF MATRIX REPRESENTI NG MASS BALANCE OVER 
C CATALYST PELLET,
A ( l , l ) = E + ( A 0 ( l ) * * 2 + A D ( 3 ) + * 2 )
A ( 1 , 2 ) = - E * A 0 ( 2 ) * * 2
A ( 2 , l ) = - L + A j ( l ) * * 2
A ( 2 , 2 ) = E * A U ( 2 ) » * 2 t 4 . G * E * ( 1 . 0 - E ) + A D ( 4 ) * * 2  
DO b 1 = 1 , 2
5 I N T ( I ) = 0  
I F A I L = 0
C *  *  SOLVI NG MATRIX OF CATALYST PELLET 3Y EI GEN- VALUE METHOD.
C^LL F J 2 A G F ( A , 2 , 2 , R R , R I , V R , 2 , \ ' I , 2 , I N T , I F A I L )
no 6 1= 1,2
6 R ( I , 1 ) = 0 . 5 + S H * Y ( I )
C ^ *  SETTI NG UP ELEMENTS OF MATRIX FOR THE GAUSS E L I M I N A T I O N  PROBLEM.
00 7 L = i , 2  
. * DO 7 1 = 1 , 2
7 A A ( L , 1 ) = V R ( L , I ) ♦ ( ( S O R T ( R R ( I ) ) * R S + C . 5 * S H - 1 . 0 ) * E X P ( S O R T ( R R ( I )  
1 ) * R S ) + ( S C R T ( R R ( i ) ) * R S - U . 5 * S H + l . C ) * E X P ( - S C R T ( R R ( I ) ) * R S ) ) / R S
E P S = 1 . O E - 1 4  
I i R  = C
C *  *  SUBROUTINE SOLVES FOR CONSTANT COEFF I CI ENTS RESULTI NG FROM THE 
0 EI GEN- VALUE PROBLEM.
CALL GELGCR, A A , MM , MN , E P S , 1ER)
C ♦ ♦ ;). r PPMl Nl NG SUPFAC-: CONCENTRATIONS AMO OTpPR PROUTPCB CQMSTAMTS.,
DC 8 L = l , 2  
U S ( L , J )  — (j.O
Ü U 8 I  = 1 I 2  . - - ; - - .
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8 es (L , J )  = r S( L  , J) + R ( I , 1 ) + V R ( L ; I ) * ( E X P ( S Ü R T  ( R R ( I ) ) * R S ) - E X P ( -  
1 S U \ T ( P R ( Ï ) ) * R S ) ) / R 3
e s ( 3 , J ) = C . C  
00 9 1 = 1 , 2
9 C S ( 3 ; J )  = C S ( 3 , J ) + ( 2 . 3 » R ( I , 1 ) / ( S H *  R R ( I ) * R S ) ) * ( 4 , ü * S * ( l . n - E ) * A u ( 4 ) + *  
12^ Vis (2 , I  ) ) ^{ (SQET (RR( I )  ) ^RS- 1 .  C ) * E X P ( S 9 R 1 ( R R ( I ) ) * R S )  + (SQRT 
2 ( r R ( I ) ) * F 3  + l . ' ) * E X P ( - S 2 R T ( R R ( l ) ) * R S ) )
C S ( 3 , J ) = C S ( 3 , J ) t Y ( 3 )
g a m m a 3 ( J ) = ( ( - 0 : k H 1 2 ) * A K ( l )  + ( - 0 E L H 3 ) * A K ( 3 ) ) / A K ( 3 )
G 4 MM A4 ( J )  = ( 4 , [ + £ + ( 1 . 0 - E )  * ( - C E L H 4 ) * A K ( 4 ) - E *  ( - D E L H 1 2 ) » A K ( 2 ) ) / ( 4 , 0 *  
l E » ( l . C - E ) + A K ( i ) )
I F  ( M. EQ,  t') GOTO 1C 
T P S U 0 = 3 , 5 *  ( I  P (1,  J) + TP ( 2 ,  J)  >
• Ï P  ( i , J ) = T P ( 2 , J )
TP ( 2 ,  J)=TPSUO 
GOrn 12
C » SOLVING a l g e b r a i c  HEAT BALANCE EQUATION FOR PELLET TEMPERATURE 
C UY I TERATI ON.
10 TP2 = Y ( 4 ) + ( AK M/ H ) ♦ ( G A M MA 3 ( J ) ^ (Y ( 1 ) - C S ( 1 , J ) + V ( 2 ) -  O S ( 2 , J ) ) - ( GAMMA4 ( J ) 
1 - G A M M A 3 ( J ) ) * ( Y ( 3 ) - C S ( 3 , J ) ) )
I F ( A G S ( T P 2 ' l P l ) . L T . 0 . C l )  GOTO 11 
T P l = û . b * ( T P 1 + T P 2 )
GOTO 3
11 TF ( 2 ,  J>=- f P l  
T P ( 1 , J ) = T P ( 2 , J )
12 DO 13 L = l , 2  
A h ( L , 2 , J ) = 0 .  0
*  EVALUATING MASS FLUXES OF THREE COMPONENTS(A,B AND F ) .
DO 13 1 = 1 , 2
13 A U ( L , 2 , J ) = A N ( L , 2 , J ) + ( 3 . C * ( 1 , 0 - T H E T A ) * D E / ( R S * » 3 F ) * R ( I , 1 ) *  V R ( L , I ) *  
1 ( ( S O ' T ( R R ( I )  ) * R S - 1 , 0 ) * E X P ( S G R I  ( R R ( I ) ) * R S ) + ( S O R T ( R R ( I ) ) * R S  + 
2 1 . 0 ) * E X P ( - S O R T ( R R ( I ) ) * R S ) )
AN( 3 . 2 , J ) = 3 . 0 + ( l . G - T H E T A ) * A K M * ( Y ( 3 ) - C S ( 3 , J ) ) /RS
I F ( M , c O ,  0) G010 15 
DC 1^ 1 = 1 , 3
14 A N S U E ( I ) = 0 . 5 * ( A N ( I , 1 , J ) + A K ( I , 2 . J ) )
15 Ol 10 1 = 1 , 3
16 A N ( I , 1 , J ) = A N ( I , 2 ; J )
I F ( M . E Q . C )  GOTO 18
00 17 1 = 1 , 3  - ,
17 A N ( I , 2 , J ) = A N S U a ( I )
18 00 19 1 = 1 , 3
19 B S T A ( I ) = - a N { I , 2 , J ) / ( T H E T A * U )
*  EVALUATING HEAT FLUX INTO CATALYST PELLET.  
O F T A ( 4 ) = - ( ( 3 . r + ( 1 . 0 - T H E T A ) * H / R S ) + ( 2 . 0 * H W C M / R T ) ) / ( T H E T A * U * P O * S F H T )  
B L T A ( 5 ) = ( ( 3 . L + ( 1 . 0 " T H E T A ) * H * T P ( 2 , J ) / R S ) + ( 2 . 0 * H W O M * T H / R T ) ) / ( T H E T A * U
1+FO+SPHT)
Ri TURN
E N D  . . .  -  .
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SUBROUTINE Ü R P I V S ( X , Y , F)
C  ̂ ♦VTH15 SUüFuUTl U-  SUPPLIES FI RST ORGCR DERI VATI VES FOR I NTEGRATI ON 
G OF STATE EQUATIONS AND THE TI MF-OEPENDENT HEAT BALANCE EQUATION.
CI  NSION Y ( 4 ) ; C ( ^ )
COMMON t 3 E î A ( b ) , 0 ( 4 ) , T P ( 2 , i n P ) , T F ( l G r ) , C S ( 3 , l ' ^ C ) , C F ( 3 , 1 3 n ) , C F S L 9 ( 3 )  
1 ,GAMMA3 ( l üC)  ,GAHMA4 ( 1 3 0 )  , T F S U3 , ROS , C PS, R S , AK A , H , T H , J , M,, L T t S T 
IF ( L T l S T , E C , 1) GOTO 2 
C ♦ ♦ F I RST ORCzR DI FFERENTI AL EQUATIONS (WITH RESPECT TO REACTOR 
C LcNGTH)  DESCRIBING STATE VARl ABLES( CAF, CBF, CFF AND TF) .
üü 1 1 = 1 , 3
1 F ( I ) = B E T A  ( I )
F ( 4 ) = B E T A ( 4 ) * Y ( 4 ) + B E T A ( 5 )
GOTO "3
G ♦ ♦ FI RST ORCLR DI FFERENTI AL EQUATION (WITH RESPECT TO TI ME)
C Ol SCRI BI NG PELLET TEMPERATURE.
2 F ( 1 ) = 3 . 0 * ( H * ( T F ( J ) - Y ( 1 F ) + A K M * ( G A M M A 3 ( J ) * ( C F ( 1 , J ) - C S ( 1 , J ) + C F ( 2 , J ) -  
1 C S ( 2 , J ) )  - (GAMMA4 (J) -  GAMMA3 ( J) ) * ( C F ( 3 , J ) - C S ( 3 ; J ) ) ) ) / ( R S * R 0 S  + CPS)3 RETURN 
END
SUBROUTINE TESTCG( J , T P , Y , CF, TF , PARAM, CFAP1 , CF An 2 , M, L L )C ^ ♦ THI S SUBROUTINE PROVIOcS A TEST FOR CONVERGENCE OF SOLUTION TC 
C STEADY STATE AFTER DISTURBANCE BY COMPARING FLUID CONCENTRATIONS
C Ahü TEMPERATURE AÏ REACTOR OUTLET FOR TWO CONSECUTIVE TIME STEPS.
DIMENSION Y( 4  ) , f P  ( 2,  lOG)  ,CF ( 3 ,  IOC!) , TF ( IQ 0)
I F ( P A R A M . G T . 0)  GOTO 1 
ERRT0L = 1.  C'E- Cb
I F ( A B S ( ( Y ( 4 ) - T F ( J ) ^ 2 0  00.  0 ) / Y ( 4 ) )  . GT. ERRTOL ) GOTO 2 
I F ( M . G T . L )  C F A M  = CFAQ2
I F ( A d b ( ( C F ( l , J ) » C F A 0 1 - Y ( l ) ) / Y ( l ) ) , G T , E R R T O L )  GOTO 2 
I F ( A 2 S ( ( C F ( 2 , J ) + C F A 1 1 - Y ( 2 ) ) / Y ( 2 ) ) . G T . E R R T 0 L )  GOTO 2 
I F ( A B S ( ( C F ( 3 , J ) * C F A 3 1 - Y ( 3 ) ) / Y ( 3 ) ) . G T , E R R T 0 L )  GOTO 2 
PARAM=1. 0
1 LL=LL+1




GENERAL DISCUSSION AND CONCLUDING REMARKS
It will have been noted that the numerical simula­
tion studies reported in the previous chapters have been 
aimed at acquiring a reasonable understanding of the 
interaction between the many physical and chemical pro­
cesses which govern the operation of an industrial 
reforming reactor. A special emphasis has been placed, 
throughout this research, on those important aspects of 
transport phenomena which have not been considered in 
past treatments of bifunctional catalyst systems (e.g. 
intra-particle and inter-phase mass and heat transfer 
limitations). Due to the overall complexity of the 
reforming reactions studied, mathematical modelling of 
mass and heat transfer processes has resulted in a 
relatively high computational effort. For this reason, 
allowance for mass and heat transfer effects has, in 
general, been confined to the bifunctional catalyst 
pellet and the fluid boundary layer at its exterior 
surface. Neglect of the less important axial and 
radial mass and heat dispersion within the reactor has 
been justified, however, in view of the configuration 
of industrial reforming reactors, their catalyst packing 
and the overall endothermicity of the reforming process. 
A study of the significance of these transfer effects 
would, in any case, have been too demanding in terms 
of computational effort.
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Having reviewed the relevant literature and under­
lined the main objectives of this research in Chapter 1, 
mathematical modelling of bifunctional catalyst pellets 
was subsequently achieved in Chapter 2. Both types of 
possible bifunctional catalyst pellet preparation 
(namely the composite pellets which are usually employed 
in practice and a physical mixture of discrete pellets) 
were modelled. A fully distributed parameter model of 
the physical and chemical interactions occurring within 
a composite pellet was solved using an efficient finite 
difference m e t h o d . I n  order to achieve a con­
vergent solution, however, it was necessary to employ 
' double precision arithmetic throughout the computations. 
This is because the nature of the system is such that it 
does not permit a relatively high level of truncation 
errors which, if the single precision mode of an ICL 
4-50 computer is used, results in divergence of the 
numerical solution. Nevertheless, the main conclusion 
emerging from solution of the fully distributed model 
of the composite pellet was that resistance to heat 
transfer is confined to the fluid film at the exterior 
surface of the pellet. This is in agreement with the 
original thesis of Beek^® and the conclusions of 
Thornton^® for the case of complex highly exothermic 
reactions. Since the catalyst pellet remains essen­
tially isothermal, the computational effort required to 
solve the mass and heat balances over the pellet is 
reduced considerably by employing, a lumped thermal 
resistance model. This simplified model was, therefore,
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used extensively in the remaining studies.
It was also noted in Chapter 2 that while the con­
cept of a catalyst effectiveness factor (n) is useful 
in predicting the performance of the single pellet,
especially for simple chemical reactions, the use of 
*•
such a parameter in general reactor modelling is unre­
warding. This is because evaluation of n results in a 
substantial increase in the number of computations.
Due to its dependence on fluid conditions, n would 
therefore have to be computed at many axial positions 
within the reactor. The increase in computational 
effort is further exaggerated in the case of complex 
reactions where the various terms, corresponding to 
each reacting component, have to be.computed. For , 
these reasons, numerical values of the overall reaction 
rates obtained from solution of the pellet equations 
were substituted directly in the fluid state equations.
A steady state stability analysis of composite 
catalyst pellets demonstrated that these pellets have a 
unique stationary state for any given set of fluid con­
ditions. This is a direct result of the overall endo­
thermicity of the reactions occurring over composite 
pellets. However, a similar treatment of a discrete 
mixture of individual pellets showed that this system 
of catalyst preparation is not absolutely stable. 
Solution of the algebraic heat balance equations over a 
wide range of fluid conditions indicated that, when the 
catalyst pellets promoting hydrogenation and dehydrogena­
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tion reactions (viz. type X) are mixed with a very small 
volumetric fraction of the catalyst pellets responsible 
for isomérisation of methyl cyclo-pentene (viz. type Y.) , 
then type Y pellets may exhibit the phenomenon of steady 
state multiplicity. This behav.iour, under rather ex­
treme operating conditions, is evidently^® due to the 
overall exothermicity (brought about by the irreversible 
hydrogenation of methyl cyclo-pentene and methyl cyclo- 
pentadiene) of the reactions occurring over type Y pellets. 
It was further demonstrated that type X pellets, suppor­
ting entirely endothermie reactions, have a unique steady 
state for any given fluid conditions.
Apart from reasons of general stability of composite 
pellets, the results of solving a steady state one­
dimensional. reactor model (Chapter 3) showed fairly con­
clusively that composite pellets are, in practice, superior 
to a physical mixture of discrete pellets. This conclu­
sion was arrived at in view of the fact that the product 
(benzene) yield obtained over composite pellets, for 
non-isothermal reactor operation with prevailing inter­
phase and intra-particle mass and heat transfer resis­
tances, was considerably higher than for the case of a 
discrete pellet mixture. It is worth noting that the 
reactor model was solved using the well established 
Runge-Kutta-Merson numerical algorithm.^ ® This
step-wise routine, employed in its double precision 
mode, automatically adjusts the integration step size 
depending on the specified limit of allowable truncation 
errors. While the mass balance equations for a discrete
200
pellet mixture (i.e. types X and Y) were solved analy­
tically, numerical solution was sought, in the case of 
composite pellets, by finding the eigen values and 
eigen vectors of the corresponding matrix of coeffici­
e n t s . . U s i n g  the double precision mode of compu­
tation, this method was found to be suitable for solving 
simultaneous linear second order ordinary differential 
equations, provided that no redundant equations are 
included in the general treatment. Otherwise, conver­
gence to the correct solution may not be obtained, 
especially for extreme operating conditions.
Optimisation of benzene yield with respect to the 
uniform catalyst composition (e) showed that the lowest 
yield, for both typ'es of bifunctional catalyst prépara- . 
tion, was obtained from an adiabatically operated reac­
tor. Clearly, this is due to the relatively low reac­
tion temperatures resulting from the overall endothermi­
city of the reforming process. It was pointed out, 
however, that industrial reforming reactors are not 
operated in a strictly adiabatic mode and that their 
performance may indeed be better approximated by a non- 
isothermal non-adiabatic model. For a non-isjthermal 
reactor with prevailing mass and heat transfer effects, 
the higher ■'product yield obtained over composite pellets 
(in comparison to a discrete pellet mixture) is due to 
the superior transfer characteristics of composite 
pellets. This is because material and energy transport 
to the reaction zone is retarded merely by the stagnant 
fluid film and the porous structure of the composite
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pellet. In the case of a discrete pellet mixture, on 
the other hand, material and energy must be exchanged 
between the two different types of pellet (viz. X and Y), 
in addition to pore diffusion within each pellet. The 
superior performance of composite bifunctiohal pellets 
(in comparison to a discrète pellet mixture) therefore 
means that the latter should not be employed in practice. 
Thus, no further treatment of such systems composed of 
discrete pellet mixtures was necessary. Another impor­
tant feature of the optimisation curves is that the posi­
tion of the optimum is not altered significantly on 
introduction of mass and heat transfer effects. This 
is a useful observation since it entails that optimisa­
tion studies may be carried out, safely, in the absence 
of transfer effects, thus reducing the complexity of the 
mathematical models and consequently the computational 
effort. Furthermore, the optimum benzene yield obtained 
over composite pellets in the presence of mass and heat 
transfer effects was relatively ill-defined. Possible 
explanations of this feature have been given in Section
3.4.2. The main practical implication, however, is the 
flexibility of choice of the uniform catalyst composition 
(e) such that it entails minimum cost, while, maintaining 
a relatively high product yield.
An important feature of the composition profiles 
along a reactor packed with composite pellets is the very 
low concentration of cyclo-hexene throughout the reactor 
length. This observation entails the predominance of 
the cooperative reaction step which effects direct con-
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version of methyl cyclo-pentene to benzene over both active 
catalytic species (viz. X and Y). Consequently, it is 
possible to reduce the complexity of the kinetic model, 
describing reactions over composite pellets, without 
significantly affecting the accuracy of the results 
(Chapter 4). Apart from the lower demand on valuable 
computer memory space, solution of the reduced kinetic 
model also required approximately half the central pro­
cessor time necessary for solving the original, more 
complex kinetic model.
While composite pellets were shown to be superior 
to a discrete pellet mixture for conditions of relati­
vely severe mass and heat transfer limitations, it is 
significant to note that, for conditions of chemical 
reaction control, the product yield obtained over a dis­
crete pellet mixture is, in fact, substantially higher 
than for composite pellets. Apart from the possible 
incompatibility of the kinetic data available for the 
two types of bifunctional catalyst preparation, this 
remarkable discrepancy called for a further examination 
of the mathematical representation of the kinetic step 
displaying a cooperative effect of types X and Y cata­
lytic species. A slight modification of this reaction 
step was therefore effected in Section 4.3. This 
modification resulted in a general improvement of the 
product yield obtained over composite pellets and con­
sistency of the model predictions of both types of cata­
lyst preparation for conditions of chemical reaction 
control.
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It is evident from past optimisation studies^  ̂®  ̂® 
that the product yield from a reforming reactor may be 
further improved by imposing a bifunctional catalyst 
composition profile (i.e. e vs. Z) along the reactor.
Due to the overall complexity of the reforming reactions 
studied in this thesis, optimisation with respect to a 
catalyst composition profile was confined to conditions 
of chemical reaction c o n t r o l . H o w e v e r ,  examination 
of the optimal profile of e in this case (i.e. chemical 
control) indicated that à two-stage falling profile of 
e might constitute a sub-optimal policy. This particu­
lar observation was utilised in Section 4.4 where a 
• relatively simple optimisation technique (involving 
univariant searches for the two-stage optimum over 
regions where it is expected to occur) was employed for 
the case of prevailing mass and heat transfer effects.
It was found that a sub-optimal profile is displayed by 
a pure type X catalyst packing occupying the first half 
of the reactor while the second half of the reactor is 
packed with a uniform blend of types X and Y species 
such that e = 0.6. However, the improvement in ben­
zene yield (in comparison to the case of uniform optimum 
c of 0,6) was a mere 1%. It was therefore concluded 
that it is more economic to employ an optimum uniform 
bifunctional catalyst composition in practice. Another 
interesting observation emerging from this simple numeri­
cal optimisation exercise (requiring only 1 hour of cen­
tral processor time on an ICL 4-50 computer) was the 
similarity of the two-stage sub-optimal profile to the
204
optimal profile obtained in the absence of mass and heat 
transfer effects and using a rigorous optimisation tech­
nique. This observation substantiates the conclu­
sion that the position of the optimum is not changed 
significantly when mass and heat transfer limitations 
are allowed for in the mathematical model.
A one-dimensional dynamic model of a reforming 
reactor, packed with.composite pellets, was proposed in 
Chapter 5. In view of the very high computational 
effort which would be incurred if a fully distributed 
dynamic model was used, many simplifying assumptions 
had therefore to be employed. The concentrations of 
all the reacting components within the pellet and the 
fluid temperature and composition were thus assumed to 
exist at a pseudo-steady s t a t e . T h e  unsteady state 
heat balance over the composite pellet was solved 
using the double precision mode of the Runge-Kutta- 
Merson step-wise integration routine. In order to 
achieve a stable accurate solution, however, it was 
necessary to use a very small integration time interval 
(At << 0.2 sec.). For such small values of At, the 
time required for computation using an ICL4-50 machine 
was in excess of 1 hour. It was therefore necessary 
to employ à faster machine (the CDC-6600), with higher 
computational accuracy. Furthermore, it was found that 
the order of magnitude of At, required to achieve a 
convergent accurate solution, also depends upon the 
nature of the perturbation and the operating conditions. 
However, a considerable saving in computational effort
. 2 0 5
was effected by using a non-uniform integration time 
interval. Since the magnitudes of the temperature and 
composition derivatives with respect to time are grea­
test immediately after the perturbation, it was there­
fore advisable to start the integration with a very
small value of At which was then doubled after every
SCO integrations. The average computer time require­
ment using the CDC-6600 machine was reduced to about
15 minutes.
The results obtained from solution of the dynamic 
model showed conclusively that a reforming reactor 
packed with composite bifunctional pellets is stable 
(for a wide range of operating conditions) when subjec­
ted to perturbations in inlet fluid temperature and 
composition and the temperature of the heating medium. 
This conclusion is in agreement with the predictions 
of the steady state model (Chapter 2) and is attributed 
to the overall endothermicity of the reforming reactions 
occurring over composite pellets. It is interesting to 
note, however, that the response of an adiabatically 
operated reactor to various perturbations in inlet 
fluid conditions is rather slow in comparison to non- 
isothermal operation. Such a slow response is, of 
course, a consequence of the relatively low endothermie 
reaction rate resulting from the substantial drop in 
reaction temperature along the reactor. It should be 
noted, however, that this behaviour does not correspond 
to reforming reactor operation in practice since, con­
trary to practice, the adiabatic model does not allow
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for reheating of the reaction mixture as the temperature 
falls below the desired level.
In conclusion, it is worth pointing out that, when 
numerical simulation of the behaviour of equipment is 
carried out, a great deal of care must be exercised in 
order to ensure the stability and accuracy of the 
numerical methods employed. Otherwise, it becomes 
rather difficult to differentiate between numerical 
instability and the instability inherent in the physical 
system. This problem is especially exaggerated when it 
is desired to study, numerically, the dynamic behaviour 
of the system. Furthermore, while the research studies 
reported in this thesis have been entirely theoretical, 
it should be emphasized that laboratory experimentation 
is indispensible. There still exist certain ambigui­
ties regarding the roles of the two catalytic species 
(viz. X and Y) in promoting the reforming of methyl 
cyclo-pentane. The kinetic schemes used in this thesis 
should, by no means, be considered as an undisputed por­
trayal of the reforming process. Further experimental 
evidence should indeed be sought, especially with regard 
to the representation of the cooperative reaction step 
in the case of composite pellets. A better insight 
should also be acquired through experimental assessment 
of such important physical effects as intra-particle 




a. A constant associated with i^^ eigen M L ^
value.
a^ = -a^.
A Methyl cyclo-pentane (Figures 1, 10
and 32).
A A general square non-symmetric matrix
describing.pellet mass balance equations.
A^ Arrhenius (or frequency) factor for T ^
reaction step i.
A. A tridiagonal matrix describing mass —J
balance for component j over a pellet 
radial mesh i (0 < i ^ N).
B Methyl cyclo-pentene (Figures 1, 10
and 32).
B Endothermicity factor defined in
equation (2.50).
B . Right hand side vector for component j.
—J
Cp Mean heat capacity of reacting fluid. H M 6
c Heat capacity of composite catalyst "ps
pellets.
C Methyl cyclo-pentadiene (Figure 10).
Cj Molar concentration of component j M L ^
Within the catalyst pellet 
(j = A, B, C, D or F).
Cj Dimensionless concentration of
component j within the pellet
C.£ Fluid phase molar concentration of M L"
component j .
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CTr Dimensionless fluid concentration
of component j (=
-3C.r, Fluid molar concentration of M LjfL
component j at reactor outlet.
C.r Fluid phase molar concentration of "
J 1"l,m
component j at 1^^ step along the 
reactor length and m^^ time interval.
C.n Fluid molar concentration of "j f o
component j at the reactor inlet.
C. Molar concentration of component j ’’J 5
at the pellet surface.
C. Surface molar concentration of "
component j at 1 step along the
reactor length and m^^ time interval.
C.| Molar concentration of component .j
]it=o
within the pellet at t = 0 (i.e. 
before perturbation). 
d.̂  Reactor tube diameter. L
D Cyclo-hex-l-ene (Figures 1 and 10).
D^ Effective diffusivity of catalyst L^ T ̂
pellets (composite and discrete 
pellets). 
e Reactor void fraction.
E Cracked products (mainly paraffins,
Figs. 1 and 32). 
f Transformed variable (= C.R). M L
f A variable in the general composite
pellet equation (2.9); f = CJ or T', 




£. A vector of numerical values, of f-J
for component j over a pellet radial 
mesh i (0 < i ^ N). 
f(e) A function of e(= e(l - e)).
F Benzene (Figures 1, 10 and 32).
h Fluid film heat transfer H L  ̂T ̂  6 ^
coefficient.
h^ Overall reactor tube wall heat "
transfer coefficient.
H Total rate of heat transfer (due to H L  ̂T ̂
chemical reaction) per unit reactor 
volume.
Rate of heat transfer per unit "
volume of type X catalyst pellets.
Hy Rate of heat transfer per unit "
volume of type Y pellets.
H. ))
g ) Dimensionless heats of reaction
) defined in Section 2.2.1.
I Identity (or unity) matrix
(Section 2,2.2.).
Rate coefficient for reaction step T
i defined in equation (2.6).
-1
k^ Fluid film mass transfer coefficient. L T ^
K A dimensionless parameter defined
in Table 1.
k^ Effective thermal conductivity of H T  ̂0 ^
reactor fluid.
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K Effective thermal conductivity of H L  ̂ T  ̂ 6 ^e
the composite pellet.
L Length of tubular reactor (= 3.6m) L
L Lower diagonal matrix (Section 2.2.1).
M. Total molar rate of transfer of M L  ̂ T ^
J
component j (to or from the cata­
lyst pellet), due to chemical 
reaction, per unit reactor volume.
M. Molar rate of transfer of component "J ̂
j per unit volume of type X pellets.
Mjy Molar rate of transfer of component "
j per unit volume of type Y pellets.
N A point representing the end of the
finite difference network of the 
pellet radius (i.e. R = R^, Section 
2.2.1) .
N.t Modified Nusselt Number of the
2 . R, . h 
catalyst pellet (=  ----- ^ ) . •
^e
N.T Modified Wall Nusselt Number
w
/ %  •
Ngĵ  Modified pellet Sherwood Number
2 . Rs . km.̂
(— — ) •
p ■' A dimensionless parameter defined
in Table 1.
q A dimensionless parameter defined
in Table 1.
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Dimensionless step size before 
point i in a non-uniform finite 
difference network of the pellet 
(Section 2.2.1). 
r^ Dimensionless step size after
point i in a non-uniform finite 
difference network of the pellet 
(Section 2.2.1).
R Radial position from the centre l
of the pellet (independent 
variable).
R^ Dimensionless radial position
from the pellet centre (= R/R^).
-1 -1R Universal gas constant. H M 8
-3 -1R^ • Specific rate of reaction for M L ‘ T
step i (equation 4.24).
Rg Radius of composite or discrete L
catalyst pellets (= 0.002 m).
Ry Radius of reactor tube (= 0.075 m). L
s^ A dimensionless coefficient in the
finite difference equations
(2.15)-(2.17).
t Time (independent Variable). T
t^ A dimensionless coefficient in the
finite difference equations
(2.15)-(2.17).
T Temperature within the composite 0
pellet (variable)in °K.
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T' Dimensionless temperature within
the composite pellet (= T . R^/AE^)
Fluid temperature (°K).
TJ Dimensionless fluid temperature
(= Tf . Rg/AEp. ■ ■
Fluid temperature at the reactor 
outlet (®K).
TjF Fluid temperature (®K) at 1^^ step
l,m
s|t=0
along the reactor length and m^^
time interval.
Fluid temperature at the reactor 
inlet (°K) .
To Fluid temperature at the reactor
0,0
inlet after perturbation in T^^
(°K) .
T^ Temperature of the heating medium (°K),
Tg Uniform temperature of composite
pellets (°K).
T Uniform temperature of composite
1 ,m .,
pellets ( K) at 1 step along the
reactor length and m^^ time inter­
val .
Uniform composite pellet temperature 
in at t = 0 (i.e. before pertur­
bation) .
Tp Uniform pellet temperature (°K) for
the simple chemical reaction A B 
(Section 2.3.4).




Ty .Uniform temperature of type Y 6
pellets C°K).
u . Superficial linear velocity of L T ^
reactor fluid (i.e. based on void 
cross-sectional area of the tube).
u^ A dimensionless coefficient in the
finite difference equations (2.15)-
(2.17).
U Upper diagonal matrix (Section 2.2.1).
v^ A dimensionless variable appearing
on the right hand side of the pellet 
finite difference equations (2.15)-
(2.17).
Wp Total molar rate of production of M T
benzene (F), defined in equation 
(2.12) .
X A symbol denoting the hydrogenation-
dehydrogenation catalyst (Figures 
1, 10. and 32).
Y A symbol denoting the isomérisation
catalyst (Figures 1 and 10).
2  A vector defined in equation (2.21).




a. - ttr Parameters (functions of T ) defined
in equations (2.30) to (2.34) 
inclusive.
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defined in
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functions of Ty) 
2. 112).
functions of Ty) 
2.113).
functions of Ty) 
2.115).
functions of Ty) 
2.122).
functions of Ty) 
2.123).
Parameter (function of T^) 
defined in equation (2.136). 
Parameter (function of T^) 
defined in equation (2.138). 
Parameter (function of T^) 
defined in equation (2.139). 
Parameter (function of T^) 
defined in equation (4.16). 
Parameter (function of T^)
defined in equation (4.17).
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Yj Parameter {function of T^)
defined in equation (5.5).
6 Thickness of fluid film exterior L
to the pellet surface.
A A symbol denoting change or
increment (e.g. AE^, At, etc.).
AEĵ  Molar activation energy for H M ^
reaction step i.
_ -1
a h Molar heat of reaction for the H M
simple case A B
AH^ Molar heat of reaction for "
irreversible reaction step i
in a complex reaction scheme.
AHUj Molar heat of reaction for steps *'
i and j in a reversible reaction
1
(e.g. AH.^ for A T B).
2
e Bifunctional catalyst composition
-1
defined in Section 1.1.
, ^2 Roots of mass balance equations L
for catalyst Y (2.99).
i^^ eigen value of matrix of 2^^ L ^
order ODE’s (Section 2.2.2).
Eigen vector associated with i^^ L ^
eigen value (Section 2.2.2).
n Effectiveness factor of the pellet
defined in Section 1.2.1.
P. Effectiveness factor of the pellet
J
with respect to component j , based 
on fluid conditions.
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n . Surface based effectivenessjs
factor for component j used in 
Sections 2.2.2, 2.3.1 and 2.3.2.
212̂ A dimensionless reaction rate
coefficient defined in Section 
2.2.1.
p£ Average mass density of reactor M L ^
fluid.
pg Effective density of composite "
pellets.
p£ and p2 Roots of mass balance equations L ^
for catalyst X (2.63).
0 A parameter (function of T^) for *’
the simple reaction A + B (= A/D^)
0£ A parameter (function of T^, or
T ) for reaction step i in a complex
reaction scheme (= /k./D ).1 e
T Residence time of fluid in the T
reactor (= 9 secs.).
Subscripts
e Refers to the effective value of a physical
property, 
f Refers to fluid conditions,
i A counter, usually denoting reaction step,
j A counter, usually denoting a reaction component.
1 A counter referring to position along the
reactor length, 
m A counter referring to the number of time
intervals.
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o ,Denotes conditions at the reactor inlet,
s Refers to conditions at the pellet surface,
t Refers to reactor tube,
w Refers to reactor tube wall.
X Denotes the hydrogenation-dehydrogenation
catalyst.
y Denotes the isomérisation catalyst.
N.B. The dimensions indicated on the right hand side 
(above) are:
M = Mass 
H = Heat 
L = Length 
T = Time 
and Ô = Temperature
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ADDENDUM
Additional note on choice of temperature for heating medium
* In Section 3.3 (page 121) attention is drawn to physical data adopted 
for solving the steady state reactor problem. The choice of 2200°K as a 
temperature for the heating medium (see Table 5 page 123) is, of course, quite 
unrealistic and impracticable. Such a high temperature was chosen, however, 
as a means of artificially simulating the heat flux which would be necessary 
to sustain the reforming reaction in a series of three adiabatic reactors.
In so far as the choice of parameters in Table 5 fulfils this object, without 
resort to extensive calculations for several reactors in series, the numerical 
value adopted for T^ (the temperature of the heating medium) is purely a 
computational expedient and no account was taken of radiation effects which 
would normally contribute to much of the total heat flux at high temperature.
